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PREFACE. 

To  preserve  Euclid's  order,  to  supply  omissions,  to 
remove  defects,  to  give  brief  notes  of  explanation  and 
simpler  methods  of  proof  in  cases  of  acknowledged 
difficulty — such  are  the  main  objects  of  this  Edition  of 
the  Elements. 

The  work  is  based  on  the  Greek  text,  as  it  is  given 

in   the   Editions  of  August  and   Peyrard.      To  the 

{  \        suggestions  of  the  late  Professor  De  Morgan,  published 

in  the  Companion  to  the  British  Almanack  for  1849, 

I  Imve  paid  constant  deference. 

/  y  limited  use  of  symbolic  representation,  wherein 
ther^j  symbols  stand  for  words  and  not  for  operations, 
is  ger/erally  regarded  as  desirable,  and  I  have  been 
assured,  by  the  highest  authorities  on  this  point,  that 
the  symbols  employed  in  this  book  are  admissible  in 
the  Examinations  at  Oxford  and  Cambridge* 

1  have  generally  followed  Euclid's  method  of  proof, 
but    <  st  to  the  exclusion   of  other   methods  recom- 

*■  I  regard  this  point  as  completely  settled  in  Cambridge  by 
tbe  following  notices  prefixed  to  the  papers  on  Euclid  set  in 
the  Senate-House  Examinations : 

I.  In  the  Previous  Examination : 

fn  annoers  to  these  questions  any  intelligible  tiymhoh  and  abbre- 
viations  may  be  used. 

II.  In  the  Mathematical  Tripos ; 

/»  answers  to  (lie  qttestion^  on  Eticlid  the  symbol  —  must  not 
be  used.  The  only  altbreviation  admitted  for  the  square  on  AB 
i$  **sq.  on  AB,"  and  for  the  rectangle  contained  hj  AB  and  CDt 
**reet.  AB,  CD." 
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mended  by  their  simplicity,  such  as  the  demonstrations 
by  which  I  propose  to  replace  (at  least  for  a  first  read- 
ing) the  difficult  Theorems  5  and  7  in  the  First  Book. 
I  have  also  attempted  to  render  many  of  the  proofs,  as 
for  instance  Propositions  2,  13,  and  35  in  Book  I.,  and 
Proposition  13  in  Book  II.,  less  confusing  to  the 
learner. 

In  Propositions  4,  5,  6,  7,  and  8  of  the  Second 
Book  I  have  ventured  to  make  an  important  change  in 
Euclid's  mode  of  exposition,  by  omitting  the  diagonals 
from  the  diagrams  and  the  gnomons  from  the  text 

In  the  Third  Book  I  have  deviated  with  even 
greater  boldness  from  the  precipe  line  of  Euclid's 
method.  For  it  is  in  treating  of  the  properties  of  the 
circle  that  the  importance  of  certain  matters,  to  which 
reference  is  made  in  the  Notes  of  the  present  volume, 
is  fully  brought  out.  I  allude  especially  to  the  appli- 
cation of  Superposition  as  a  test  of  equality,  to  the 
conception  of  an  Angle  as  a  magnitude  capable  of 
unlimited  increase,  and  to  the  development  of  the 
methods  connected  with  Loci  and  Symmetry. 

The  Exercises  have  been  selected  with  considerable 
care,  chiefly  from  the  Senate  House  Examination 
Papers.  They  are  intended  to  be  progressive  and  easy, 
so  that  a  learner  may  from  the  first  be  induced  to 
work  out  something  for  himself. 

I  desire  to  express  my  thanks  to  the  friends  who 
have  improved  this  work  by  their  suggestions,  and  to 
b^  for  liirther  help  of  the  same  kind. 
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J.  HAMBLIN  SMITH 


Cambridok,  1878L 
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/         INTRODUCTORY  REMARKS. 

When  a  block  of  stone  is  hewn  from  the  rook,  we  call  it  • 
Solid  Body.  The  stone-cutter  shapes  it,  and  bringi  it  into 
that  which  we  call  regularity  of  form ;  and  then  it  boooiUM 
a  Solid  Figure. 

Now  suppose  the  figure  to  be  such  that  the 
block  has  six  flat  sides,  each  the  exact  counter- 
part of  the  others  ;  so  that,  to  one  who  standi 
facing  a  corner  of  the  block,  the  three  sides 
\\  which  are  visible  present  the  appearance  re- 

presented in  this  diugraiii. 

Each  side  of  the  figure  is  called  a  Surface ;  and  when 
smoothed  and  polished,  it  is  called  a  Plane  Surface. 

The  sharp  and  well-defined  edges,  in  which  each  pair  of 
sides  meets,  are  called  Lines. 

The  place,  at  which  any  three  of  the  edges  meet,  is  called 
a  Point 

A  Magnitude  is  anything  which  is  made  up  of  parts  in  nn^i 
way  like  itself.  Thus,  a  line  is  a  magnitude  ;  because  Me  iiiny 
regard  it  as  made  up  of  parts  which  are  themselves  lines. 

The  properties  Length,  Breadth  (or  Width),  and  Thlckn(>f<i 
('or  Depth  or  Height)  of  a  body  are  called  its  Dimenfiom. 

We  make  the  following  distinction  between  Solids,  Surfiii'us 
Lines,  and  Points : 

A  Solid  has  three  dimensions,  Length,  Brendth,  Tbloknesi. 

A  Surface  has  two  dimensions,  Length,  Breadth. 

A  Line  hns  one  dimension.  Length. 

•     A  point  has  no  dimensions.  X. 
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I.  A  PoiKT  is  tbat  which  has  no  parts. 

This  is  equivalent  to  saying  that  a  Point  has  no  ma^^nitnde, 
flinoe  we  define  it  as  that  wliioh  cannot  be  divided  into  smaller 
parts. 

IL  A  Limb  is  length  without  hreadth. 

.  We  cannot  oonceire  a  visiblo  line  without  hreadth ;  but 
we  can  reason  about  lines  as  if  they  had  no  breadth,  and  this 
is  what  Euclid  requires  us  to  do. 

^11.  The  Extremities  of  finite  Limbs  are  points. 

A  point  marks  position,  as  for  instance,  the  place  where  k 
line  begins  or  ends,  or  meets  or  crosses  another  line. 

IV.  A  Straight  Line  is  one  which  lies  in  the  same  direction 
from  point  to  point  throughout  its  length. 

y.  A  Surface  is  that  which  has  length  and  breadth  only. 

VL  The  Extremities  of  a  Surface  are  lines. 

VII.  A  Plane  Surface  is  one  in  which,  if  any  two  points 
be  taken,  the  straight  line  between  them  lies  wholly  in  that 
surface. 

Thus  the  ends  of  an  uncut  cedar-pencil  are  plane  sur&ces  ; 
but  the  rest  of  the  surface  of  the  pencil  is  not  a  plane  surface, 
stiiue  two  points  may  be  taken  in  it  such  that  the  straight  line 
joining  them  will  not  lie  on  the  surface  of  the  pencil 

In  our  introductory  remarks  we  gave  examples  of  a  Snr&oe, 
a  Line,  and  a  Point,  as  we  know  them  through  the  evidence 
of  the  senses. 
■  ? 
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The  Siirfuces,  I^ines,  and  Points  of  Geometry  may  be  reganled 
as  mental  pictures  of  the  surfaces,  linesi  and  points  which  we 
know  from  experience. 

It  is,  however,  to  be  observed  tliat  Geometry  requires  us  to 
conceive  the  possibijity  of  the  existence 

of  a  Surfiice  apart  from  a  Solid  body, 
of  a  Line  apart  from  a  Suiface. 
of  a  Point  apart  from  a  Line. 

VIIL  When  two  straight  lines  meet  one  another,  the  inclina- 
tion of  the  lines  to  one  another  is  called  an  Anoud. 

When  ivoo  straight  lines  have  one  point  common  to  both, 
they  are  said  to  fvrm  an  angle  (or  angles)  at  that  point.  The 
point  is  called  the  vtrtex  of  the  angle  (or  angles),  and  the  lines 
are  called  the  oitvM  of  the  angle  (or  anglf'^V 
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Thus,  if  the  lines  OA,  OB  are  terminated  at  the  same 
point  0,  they  form  an  angle,  which  is  called  ^  angle  ai  0,  or 
the  angle  AOB,  or  the  angle  BOA,— the  letter  which  marks 
the  vertex  being  put  between  those  that  mark  the  arms. 

Again,  if  the  line  CO  meets  the  line  DE  at  a  point  m  the 
line  DH,  so  that  0  is  a  point  common  to  both  lines,  CO  is  said 
to  make  withD^  the  angles  COD,  COE ;  and  these  (as  having 
one  arm,  CO,  common  to  both)  are  called  adjacent  angles. 

Lastly,  if  the  lines  FG,  HK  cut  each  other  in  the  point  0, 
the  lines  make  with  each  other  four  angles  FOH,  HOO,  GOK, 
KOF;  and  of  these  OOH,  FOK  nre  called  vertically  oppotiU 
nngles,  as  also  are  FOff  and  GOJ^, 


EUCLID'S  ELEMENTS. 


look  L 


When  ihfu  or  more  straight  lines  as  OA,  OBf  OC,  OD  have 
a  point  0  oommon  to  all,  the  angle  formed  by  one  of  them,  OD, 


A 


with  OA  may  be  regarded  as  being  made  up  of  the  angles  AOB, 
BOC,  COD ;  that  is,  we  may  speak  of  the  angle  AOD  ns  u 
whole,  of  whioh  the  parts  are  the  angles  AOB,  BOC,  and  COD. 
Hence  we  may  regard  an  angle  as  a  Magnitude^  inasmuch 
as  any  angle  may  be  regarded  us  being  made  up  of  parts  which 
are  themselves  angles. 

The  size  of  an  angle  depends  in  no  way  on  the  length  of 
the  arms  by  which  it  is  bounded. 

We  shall  explain  hereafter  the  restriction  on  the  magnitude 
of  angles  enforced  by  Euclid's  definition,  and  the  important 
results  that  follow  an  extension  of  the  definition. 

IX.  When  a  straight  line  (as  AB)  meeting  another  straight 
line  (as  CD)  makes  the  adjacent 
angles  {ABO  and  ABD)  equal 
to  one  another,  each  of  the  angles 
is  called  a  Rioht  Angle  ;  and 
each  line  is  said  to  be  a  Pbrt 
PENDicuLAR  to  the  Other.  < 

X.  An  Obtuse  Angle  is  one 
which  is  greater  than  a  right 
angle. 

XI.  An  ^cuTB  Angle  is  one 
which  b  less  than  a  right  angle. 

XII.  A  Figure  is  that  which  is  enclosed  by  one  or  mQr<^ 
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XI TT.  A  OiRCLB  is  a  piano  figure  contained  by  one  line, 
whicli  Id  called  the  Circuufbrbwoc,  and  is  such,  that  all 
■traight  lines  drawn  to  tho  circumference  from  a  certain  point 
(called  the  Oemtrb)  within  the  figure  are  equal  to  one 
another. 

XIV.  Any  straight  line  drawn  from  the  centre  of  a  circle  to 
the  circumference  is  called  a  Radius. 

XV.  A  DiAMETBR  of  a  circle  is  a  straight  line  drawn  through 
the  centre  and  terminated  both  ways  by  the  circumference. 


Thus,  in  the  diagram,  0  is  the  centre  of  the  circle  ABCD, 
OA,  OBy  OCf  OD  are  Radii  of  the  circle,  and  the  straight  line 
ADD  is  a  Diameter.  Hence  the  radius  of  u  circle  is  half  the 
diameter. 

XVI.  A  Semicirclb  is  the  figure  contained  by  a  diametei 
and  the  part  of  the  circumference  cut  off  by  the  diameter. 

XVII.  Ekctilinbar  figures  are  those  which  are  contained 

by  straight  lines. 

The  Perimeter  (or  Periphery)  of  a  rectilinear  figure  is  the 
sum  of  its  sides. 

XVIII.  A  Triangle  is  a  plane  figure  contained  by  three 
straight  lines. 

XIX.  A  Quadrilateral  is  a  plane  figure  contained  by 
four  straight  lines. 

XX.  A  Polygon  is  a  plane  figure  contained  by  more  than 
four  straight  lines. 

When  a  polygon  h»s  all  its  sides  equnl  and  all  its  angles 
equal  it  Ls  called  a  regular  polygon. 
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XXI.  An  EquiiiATERAL  Triangle  is  one  which 
has  all  its  sides  equal. 


XXII.  An  Isosceles  Triangle  is  one  which 
has  two  sides  equal. 

,  The  third  side  is  often  called  the  6a«e  of  the      / 
triangle.  [_ 


The  term  hose  is  applied  to  any  one  of  the  sides  of  a 
triangle  to  distinguish  it  from  the  other  two,  especially  when 
they  have  been  previously  mentio^ud. 


XXIII.  A  RiGHT-ANOLED  Triangle  is 
one  in  which  one  of  the  angles  is  a  right 
angle. 


The  side  subtending,  that  is,  which  is  opposite  the  right  anale, 
is  called  the  Hypotenuse. 


XXIV.  An  Obtcse-angled  Triangle  is 
one  in  which  one  of  the  angles  is  obtuse. 


It  will  be  shewn  hereafter  that  a  triangle  can  have  only 
one  of  its  angles  either  equal  to,  or  greater  than,  a  right  angle. 

XXV.  An  Acute-angled  Triangle  is  one  in 
which  ALL  the  angles  are  acute. 

XXVI.  Parallel  Straight  Lines  are  such 

as,  being  in  the  same  plane,  never  meet  when  _ 

continually  produced  in  both  directions. 

Euclid  proceeds  to  put  forward  Six  Postulates,  or  Requests, 
that  he  niay  be  allowed  to  make  certain  assumptions  on  the 
construction  of  figures  i«nH  the  properties  of  geometrical  mag- 
nitudes. 
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POSTULATES. 


Postulates  - 
Let  it  be  granted — 

I.  That  a  straight  line  may  be  drawn  from  any  one  point  to 
any  other  point. 

II.  That  a  terminated  straight  line  may  be  produced  to  any 
tength  in  a  straight  line. 

III.  That  a  circle  may  be  described  from  any  centre  at  any 
distance  from  that  centre. 

IV.  That  all  right  angles  are  equal  to  one  another. 
y.  That  two  straight  lines  cannot  enclose  a  space. 

YI.  That  if  a  straight  line  meet  two  other  straight  lines, 
so  as  to  make  the  two  interior  angles  on  the  same  side  of  it, 
taken  together,  less  than  two  right  angles,  these  straight 
lines  being  continually  produced  shall  at  length  meet  upon 
that  side,  on  which  are  the  angles,  which  are  together  less 
than  two  right  angles. 

"TThe    word     rendered     "Postulates"    is  in    the    original 
a2ri7/iaTa,  "  requests." 

In  the  first  three  Postulates  Euclid  states  the  use,  under 
certain  restrictions,  which  he  desires  to  make  of  certain  in- 
struments for  the  construction  of  lines  and  circles. 

In  Post.  I.  and  ii.  he  asks  for  the  use  of  the  straight  ruler, 
vrherewith  to  draw  straight  lines.  The  restriction  is,  that  the 
ruler  is  not  supposed  to  be  marked  with  divisions  so  as  to 
measure  lines. 

In  Post  III.  he  asks  for  the  use  of  a  pair  of  compasses, 
wherewith  to  describe  a  circle,  whose  centre  is  at  one  extremity 
of  a  given  *  line,  and  whose  circumference  passes  through  the 
other  extremity  of  that  line.  The  restriction,,^,  that 
the  compasses  are  not  supposed  to  be  capable  of  conveying 
distances. 

Post.  IV.  and  v.  refer  to  simple  geometrical  facte,  which 
Euclid  desires  to  take  for  granted. 

Post.  vi.  may,  as  we  shall  shew  hereafter,  be  deduced 
from  a  more,  simple  Postulate.  The  student  must  defer 
the  consideration  of  this  Postulate,  till  he  has  reached  the 
17th  Proposition  of  Book  I. 

£uclid  next  enumerates,  as  statements  of  feet,  nine  Axioms 
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or,  as  he  calls  them,  Common  Notions,  applicable  (with  the 
exception  of  the  eighth)  to  all  kinds  of  magnitudes,  and  not 
necessarily  restricted,  as  ai9  the  Postulates,  to  qtomuirital 
magnitudes. 

AxioM& 

I.  Things  which  are  equal  to  the  same  thing  are  equal  to 
•ne  another. 

II.  If  equals  be  added  to  equals,  the  wholes  are  equal. 

III.  If  equals  be  taken  from  equals,  the  remainders  are 
equal. 

TV.  If  equals  and  unequals  be  added  together,  the  wholes 
are  unequal 

y.  If  equals  be  taken  from  unequals,  or  unequals  from 
equals,  the  remainders  are  unequal. 

YI.  Things  which  are  double  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VII.  Things  which  are  halves  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VIIL  Maguitudes  which  coincide  with  one  another  are 
equal  to  one  another. 

IX.  The  whole  is  greater  than  its  part. 

With  his  Common  Notions  Euclid  takes  the  ground  of 
authority,  saying  in  effect,  "  To  my  Postulates  I  request,  to 
my  Common  Notions  I  claim,  your  assent." 

Euclid  develops  the  science  of  Geometry  in  a  series  of 
Propositions,  some  of  which  are  called  Theorems  and  the  rest 
Problems,  though  Euclid  himself  makes  no  such  distinction. 

By  the  name  Theorem  we  understand  a  truth,  capable  of 
demonstration  or  proof  by  deduction  from  ti'uths  previously 
admitted  or  proved. 

By  the  name  Problem  we  understand  a  consti^ction,  capable 
of  being  effected  by  the  employment  of  principles  of  construc- 
tion previously  admitted  or  proved. 

A  Corollary  is  a  Theorem  or  Problem  easily  deduced  from, 
or  effected  by  means  ol^  a  Proposition  to  which  it  is  attached. 

We  shall  divide  the  First  Book  of  the  Elements  into  three 
sections.  The  reason  for  this  division  will  appear  in  the  course 
oi  the  work. 
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SYMBOLS  AND  ABBREVIATIONS  USED  IN  BOOK  L 


^w     because 

.' therefore 

» ii  (or  are)  equal  to 

L angle 

L triangle 


0       ^w       circle 

Qoe circumference 

II  parallel 

O  parallelogram 

X     perpendicular 


W 


equilat.  .....equilateral 

extr. exterior 

intr. interior 

pt point 

rectil rectilinear 


reqd required 

rt right 

sq square 

sqq squares 

at straight 


J^     « 


It  is  well  known  that  one  of  the  chief  difficulties  with 
l<^arners  of  Euclid  is  to  distinguish  between  what  is  assumed, 
or  given,  and  what  has  to  be  provtid  in  some  of  the  Pro* 
positions.  To  make  the  distinction  clearer  we  shall  put  in 
italics  the  statements  of  what  has  to  be  done  in  a  Problem, 
and  what  has  to  be  proved  in  a  Theorem.  The  last  line  in  the 
proof  of  every  Proposition  states,  that  what  had  to  be  done 
or  proved  has  been  done  or  proved. 

The  letters  q.  e.  f.  at  the  end  of  a  Problem  stand  for  Qitodl 

The  letters  q.  b.  d.  at  the  end  of  a  Theorem  stand  for  Quod 
enA  demonttrandum.  ^^ 

In  the  marginar  references : 

Post,  stands  for  Postulate. 

Def. Definitioa 

Az Axiom. 

1. 1 Book  I.  Proporition  L 

Hjp.  stands  for  Hypothesis,  tMffotiiion^  and  ratal  to 
•omething  );niuted,  or  aesuuirij  to  bv  true. 
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SECTION  I. 


On  the  Properties  of  Triangles. 

Proposition  I.    Problem. 

To  describe   an  equilateral  triangle    on  a  given   straigni 
Hne. 


Let  ABhe  the  given  st.  line. 

It  is  required  to  describe  an  equilat.  A  on  AB 

With  centre  A  and  distance  AB  describe  ©  BCD.  Post.  3. 

With  centre  B  and  distance  BA  describe  ©  ACE.  Post.  3. 
From  the  pt.  (7,  in  which  the  ®  s  cut  one  another, 

draw  the  st.  lines  CA,  CB.  Post.  1. 

Then  will  ABC  be  an  equilat.  A. 

.  For  *.•  ^  is  the  centre  of  ©  BCD, 

.'.  AC=AB.  Def.  13 

And  .•  B  is  the  centre  of  ©  ACE, 

.\  BC^AB.  Def.  13. 

Now  •.•  AC,  BG  axe  e&ch'^ABf 

.'.  AC^^BC.  Ax.  1. 

Thus  AC,  AB,  BC^re  all  equal,  and  an  equilat.  A  ABC 
tm  b?w  described  on  AB,  . 

Q.  B.  r. 
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Proposition  II.    Problbh. 

From,  a  given  point  to  draw  a  ttraight  Um  equal  to  a 
given  straight  line. 


\\  Let  A  be  the  given  pi,  and  BO  the  given  it.  line. 

It  is  required  to  dfrcmjrvm  A  a  st,  Une  equal  to  BO. 

From  A  to  B  draw  the  st.  line  AB,  Post.  1. 

On  AB  describe  the  equilat.  ^  ABD.  I.  1. 

With  centre  B  and  distance  BC  deioribe  0  OOH.     Post.  3. 

Produce  I>B  to  meet  the  Qce  CQH  in  0. 
With  centre  D  and  distance  JOO  describe  ©  OKL.    Post  3. 

Produce  DA  to  meet  the  Qw  OKL  in  X. 

Then  will  ^i-jBC. 


For 


And 


'.*  B  is  the  centre  of  ®  OOWt 
.'.  BC='BG. 

'.'  D  is  the  centre  of  ®  OKLf 
.-.  DL^DO. 
And  parts  of  these,  DA  and  DB,  are  equal. 

.'.  remainder  J.!/*  remainder  BO, 
But  BO"  BO  i 
.'.AL^BO. 

Tliiwlrompt-  A  a  st.  line  AL  hai  been  drawn mBC 

1).  K.  ir. 


Def.  13. 

Def.  13. 

Def.  21 

Ax.  3. 
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PnoPOtlTIOir  III.     PltOBLKM. 

From  <^  greater  of  two  giwn  itrmght  lines  to  cut  off 
a  part  equal  to  the  lest. 


1.2. 


Ax.  1. 


<}.  B.  F. 


Let  AB  be  the  greater  of  the  two  giren  it.  lines  AB,  CD. 

It  is  required  to  cut  off  from  AB  apart'mCD. 

From  A  draw  the  st.  line  AS^OD, 

With  centre  A  and  di»tanoe  AE  deeoribe  ®  EFH, 
cutting  ^B  in  f. 

Then  will  AF^OD. 
For  v  A\»  the  centre  of  ®  EFH, 

/.  AF^AE, 
-#nt.  AEmODi 

/.  AFmOD. 
Thns  from  AB  »  part  AF  bat  been  ont  <M»OD. 

ExERoisia.  ^ 

1.  Shew  that  if  itraight  lines  be  drawn  from  A  and  B  in 
the  diagram  of  Prop»  I.  to  tb«  Other  point  in  which  the  circles 
interseety  another  equilateral  triangle  will  be  described  on 
AB, 

2.  H^n  construction  ifinilar  to  that  in  Prop.  iii.  produce 
the  less  of  two  given  straight  lines  that  it  may  be  equal  to  the 
greater. 

3.  Draw  a  figure  for  the  oase  in  Prop,  ti.,  ia  which  the 
given  point  coincides  with  B, 

4.  By  a  siniilar  construction  to  that  in  T^p.  i.  describe 
on  a  given  stfaiglit  line  tn  iMMetles  triangle,  whose  «qual  dMlet 
shall  be  eaoh  equal  to  another  glv#n  straight  line. 
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PROFosiTioy  IV.    Theorbk. 

If  two  trianglet  have  two  aides  of  the  one  equal  to  two  $idei 
of  the  otheTf  each  to  each^  and  have  likewise  the  angles  contained 
hy  those  sides  equal  to  one  another,  they  must  have  their  third 
sides  equal ;  and  the  two  triangles  must  he  equal,  and  th».  other 
angles  must  he  equals  each  to  each,  viz.  thou  to  which  the  equal 
tidu  are  oppoeUe, 


0 

"biiYi^  L%  ABG,DEF, 
let  AB'-'DEy  and  AC^DF,  and  /  BAG"  l  EDF. 
Thm  must  BG^EF  and  A  ABG  =  a  DSF,  and  the  other 
18,  to  which  the  equal  sides  are  opposite,  must  he  equal,  thai, 
is,  L  ABG^  L  DEF  and  l  AGB^  l  DFE. 

For,  if  A  ABG  be  applied  to  a  DEF, 
80  that  A  coincides  with  D,  and  AB  falls  on  DE, 
then  '.*  AB'^DE,  .*.  B  will  coincide  with  E. 

And  '.*  AB  coincides  with  DE,  and  /  BAG=  i  EDF,  Hyp. 
.-.^C  will  faU  on  i)i?'. 
Then  *.•  AG<^DF, .:  G  will  coincide  with  F. 
And  '.'  B  wiU  cmneide  with  E,  and  G  with  F, 
.'.  BG  will  coincide  with  EF; 
for.if  not,  let  it  fall  otherwise  as  EOF:  then  the  two  st 
lines  BG,  EF  will  enclose  a  space,  which  is  impossible.    Post.  6. 
.'.  BG  wiH  coincide  with  and  .*.  is  equal  to  EF,    Ax.  8. 

and  A  ABG...,. A  DEF, 

and  z  ABG..... z  DEF^ 

vtdi  AOB.... /  DFE. 
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Note  1.  On  the  Method  of  Superpontion. 

Two  geometrical  magnitudes  are  said,  in  accordance  with 
Ax.  VIII.  to  be  equal,  when  they  can  be  so  placed  that  the 
boundaries  of  the  one  coincide  with  the  boundaries  of  the 
other. 

Thus,  two  straight  lines  are  equal,  if  they  can  be  so  placed 
that  the  points  at  their  extremities  coincide  :  and  two  angles 
are  equal,  if  they  can  be  so  placed  that  their  vertices  coincide 
in  position  and  their  arms  in  direction  :  and  two  triangles  are 
equal,  if  they  can  be  so  placed  that  their  sides  coincide  in 
direction  and  magnitude. 

In  the  application  of  the  test  of  equality  by  this  Method  of 
Superpodtion,  we  assume  that  an  angle  or  a  triangle  may  be 
moved  from  one  place,  turned  over,  and  put  down  in  another 
place,  without  altering  the  relative  positions  of  its  boundaries. 

We  also  assume  that  if  one  part  of  a  straight  line  coincide 
with  one  part  of  another  straight  line,  the  other  parts  of  the 
lines  also  coincide  in  direction  ;  or,  that  straight  lines,  which 
coincide  in  two  points,  coincide  when  produced. 

The  method  of  Superposition  enables  us  also  to  compare 
magnitudes  of  the  same  kind  that  are  unequal.  For  example, 
suppose  ABC  and  DEF  to  be  two  given  angles. 


Suppose  the  arm  BC  to  be  placed  on  the  arm  EF,  and  the 
vertex  B  on  the  vertex  E. 

Then,  if  the  arm  BA  coincide  in  direction  with  the  arm  ED, 
the  angle  ABG  is  equal  to  DEF. 

If  BA  fall  between  BD  and  EF  in  the  direction  EP, 
ABQSa\e9&t\iAuDEF. 

It  BA  fall  in  the  direction  EQ  so  that  ED  is  between 
BQ  and  EF,  ABC  is  greater  than  DEF. 
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Note  2.  On  (^  C<mdUion»  of  Eg^uMty  cf  Uoo  Tr^iinglm, 

A  Triangle  is  oomposed  of  six  parti,  thrM  lidet  and  thrt« 
angles. 

When  the  six  parts  of  one  triangle  are  equal  to  the  six 
parts  of  another  trianofle,  each  to  each,  the  Trianglee  are  said 
to  be  equal  in  all  respects. 

There  are  four  cases  in  which  Euclid  proves  that  two  tri- 
angles are  equal  in  all  respects  ;  viz.,  when  the  following  partt 
are  equal  in  the  two  triangles. 

1.  Two  sides  and  the  angle  between  them.  I.  4. 

S.  Two  angles  and  the  side  between  them.  I.  26. 

3.  The  three  sides  of  each.  I.  6. 

4.  Two  angles  and  the  side  opposite  one  of  them.     I.  26. 

The  Propositions,  in  which  these  oases  are  proved,  are  the 
most  important  in  our  First  Section. 

The  first  case  we  have  proved  in  Prop.  ly. 

Availing  ourselves  of  the  method  of  superposition,  we  ean 
prove  Gases  2  and  3  by  a  process  more  simple  than  that  em« 
ployed  by  Euclid,  and  with  the  further  advantage  of  bringing 
them  into  closer  connexion  with  Case  1.  We  shall  therefore 
give  three  Propositions,  which  we  designate  A,  B,  and  0,  in 
the  Place  of  Euclid's  Props,  v.  vi.  vii.  viii. 

The  displaced  Propositions  will  be  found  on  pp.  108-n2. 

Proposition  A  corresponds  with  Euclid  I.  5. 

B I.  26,  flnt  part 

0 L  8. 
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PrOPOBITI6M  a.      THKOMOf. 

If  ivoo  ndti  of  a  triangle  be  equaif  the  anglee  opposite  (heu 
tides  mvst  aito  be  equal 


Fio.  1. 


Fio.  3. 


In  tU^  isosceles  triangle  ABO^  let  AG^AB.    (Fig.  1.) 

Thm  must  l  ABG^  i  ACB 

Imagine  the  A  ABG  to  be  taken  up,  turned  round,  and  set 
down  again  in  a  reversed  position  as  in  Fig.  2,  and  designaLe 
ttie  angular  points  A'y  B',  C. 


Then  in  i^a  ABG,  A'CW, 

v  AB^A'C,  and  ^(7=^'B;,  and  z  BAG"  l  CA'Bf, 

.'.  lABG^LA'CBf.  L4. 

But  lA'CBf^iACm; 

,\  L  ABG''^  I  ACB.  AX.  1. 

Q.E.D. 

GoR.  Hence  erery  equilateral  triangle  is  also  equiangular. 

NoTB,  When  one  side  of  a  triangle  is  distinguished  from 
Ihe  other  sides  by  being  called  the  Base,  the  angular  point  op- 
posite to  that  side  is  called  the  Vwf-enc  uf  the  triangle. 
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Proposition  B.    Throrbm. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  otJier,  each  to  each^  and  the  tides  adja^xnt  to 
the  equal  angles  in  each  also  equal ;  then  must  the  trian(fle$ 
be  equal  in  all  respects. 

P 


\ 


In  AsABCyDEF, 
irc  I  ABC'^  L  DBF,  and  i  ACB'^  l  DFE,  and  BC^EF. 
Then  must  AB^I)E,  and  AG'^DF,  and  l  BAC^  l  EDF, 

For  if  aDEF  be  applied  to   a  ABC,  so  thab  E  coincides 
with  B,  and  ^/ falls  on  BG ; 

then  •.•  EF=BGy.:  F  will  coincide  with  G ; 

and  •.•  I  DEF=  t  ABG, .:  ED  will  fall  pn  BA  ; 

.'.  D  will  fall  on  BA  or  BA  produced. 

Again,  •/  i  DFE^^  i  AGB, .:  FD  will  fall  on  CA  ; 

.*.  D  will  fall  on  CA  or  CA  produced. 

.'.  D  must  coincide   with  A,  the  only  pt.  common  to  BA 
and  CA. 
.'.  DE  will  coincide  with  and  .*.  is  equal  toABf 

and  DF. AC, 

and  I  EDF. /.BAG, 

and  ^DEF t.ABG\ 

and  .'.  the  triangles  are  equal  in  all  reHpects. 

Q.  E.  D. 

Cor.  Hence,  by  a  process  like  that  in  Prop.  A,  we  can  prove 
the  following  theorem :  . 

If  tvM)  angles  of  a  triangle  he  equal  the  sides  which  tvhtend 
ttem  arv  also  equal     (Had,  I.  6.) 
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Proposition  C.    Thborbm. 

If  two  trianglu  have  th«  three  sides  of  the  one  equal  to  the 
Oiree  sides  of  the  other,  each  to  each,  the  triangles  must  be  equal 
in  all  respects. 


Let  the  three  sides  of  the   A  s  ABC,  DEF  \>\  equal,  each 
to  each,  that  is,  AB'^DE,  AC^'DF,  and  BC^EF. 
Then  must  the  triangles  be  equal  in  all  respects. 

Imagine  the  A  DEF  to  be  turaed  over  and  applied  to  the 
A  ABCf  in  such  a  way  that  EF  coincides  with  BG,  and  the 
vertex  D  fails  on  the  side  of  BC  opposite  to  the  side  on  which 
A  tslLh ;  and  join  AD. 

Case  I.  When  AD  passes  through  BC. 


Then  in  a  ABD,  '.'  BD=BA,  .\  l  BAD-=  l  BDA.  I.  A. 
And  in   A  ACD,  v  CD=GA, .:  l  CAD=-  l  CDaI  I.  A. 
/.  sum  of  z  bBAD,  CAD=mm  of  z  s  BDA,.QDaI  Ax.  2. 
that  is,  z  BAC==  l  BDC.  ^  Y  Y 

Hence  we  see,  referring  lo  the  original  triangles,  tMat 

iBAC^iEDF.  I 

.*.,  hj  Plrop.  4,  the  triangles  are  eqtial  >    ill  respects. 
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Case  II.  When  the  line  joining  the  Terticet  doei  not  pan 
through  BO. 


0^   ^''^^      ^^     ^ 

Then  in  a  ABD,  v  BD^BA,  :.  l  BAD^  l  BVA,    I.  A. 
And  in  aACD,  '.'  CD^CA,  .-.  i  CAb^  l  CDA,    I.  A. 
Hence  since  the  whole  angles  JMA  BDA  are  equal, 
and  parts  of  these  CAD,  CDA  are  eqiml. 
.'.  the  remainders  BAC,  BDO  are  equal.         AXyf^ 
Then,  as  in  Case  I.,  the  equality  of  the  original  trian^lea 
may  be  proved. 


Cass  IIL  When  AC  and  CD  are  in  the  same  ttruiglit 

itne>  t 

A 


Then  in  lABD,  v  BB^BA,  .-.  z  BAD^  l  BDA,    I.  A. 

that  is,  iBAQ=  I  BDG. 


Then,  as  in  Case  I.,  the  eqi 
may  be  proved. 


^^0=  ^  Bl 
Quality  or^*^-      '  • 


the  original  triHnglflS 

4.  B.  D. 
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jpROFosmoN  IX.   Problem. 
To  himi,  a  given  angle. 


Let  BAG  be  the  giveri  angla 

It  is  required,  to  bisect  l  BA0» 

In  AB  take  any  pt  D. 

In  JO  make  AE=AD,  and  join  DJR 

On  DEj  on  the  side  remote  from  A,  describe  an 
equilat-AD^JJ.  I.  1. 

Join  JJ^.    Then  JF  will  bisect  iBAG. 

For  in  AsAFD,AFEy 

•••  AD^AE,  and  JJ'  is  common,  and  FD^FE, 

.'.  L  DAF=  L  EAF,  •  I.  c. 

that  is,  z  BAG  is  bisected  by  AF. 

Q.  B.  F. 

Ex.  1.  Shew  that  we  can  prove  this  Proposition  by  means 
of  Prop.  IV.  and  Prop.  A.,  without  applying  Prop.  C. 

Ex.  2.  If  the  equilateral  triangle,  employed  in  the  construc- 
tion, be  described  with  its  vertex  towards  the  given  angle  ; 
shew  that  there  is  one  case  in  which  the  construction  will  fail, 
and  two  in  which  it  will  hold  good. 

NoTB.— The  line  dividing  an  angle  into  two  equal  parts  is 
called  the  BrsKcrroB  of  the  »\><i}f\ 
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Proposition  X.    Problem. 
Tq  bi$ed  d  piven  Jmite  ttraight  Une, 


Let  AB  be  the  gi^en  at.  line. 
It  i8  required  to  bisect  AB. 

On  AB  describe  an  equilat.  a  ACB.  1. 1. 

Bisect  I  ACB  hy  the  st.  line  CD  meetinff  AB  in  i)  ;      I,  9. 
then  AB  shall  be  bisected  in  D. 

Form  AS  ACD,  BCD, 
'.'  AC=BC,  and  CD  is  common,  and  i  ACD-^  l  BCD, 

.-.  AD=BD  ;  I.  4. 

.'.  J.£  is  bisected  in  i>. 

Q.  E.  F. 

Ex.  1.  The  straight  line,  drawn  to  bisect  tht  Tsrticbl  angle 
of  an  isosceles  triangle,  also  bisects  the  base. 

Ex.  2.  The  straight  line,  drawn  from  the  vertex  of  an 
isosceles  triangle  to  bisect  the  base,  also  bisects  the  vertical 
angle. 

Ex.  3.  Produce  a  given  finite  straight  line  to  a  point,  such 
that  the  part  produced  may  be  one-third  of  the  line,  which  w 
pi^de  up  of  the  whole  and  the  pait  t>ro4upe4i 


]P. 
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Proposition  XI.    Problem. 

To  draw  a  straight  line  at  right  angles  to  a  given  straight 
line  from  a  given  point  in  the  samu. 


Let  AB  be  the  given  st.  line,  and  C  a  given  pt.  in  it. 
It  is  required  to  draw  from  C  a  st.  line  i.  to  AB. 

Take  any  pt.  D  in  ^0,  and  in  CB  make  GE=CD. 
On  DE  describe  an  equilat.  A  DFE. 

Join  FC.     FC  shall  be  ±  to  AB. 


I.  1. 


For  in  La  DCF,  EOF, 

'.-  DC=CE,  and  CF  ia  common,  anr'  FD^^FE, 

.'.  iDGF=iECF;  I.e. 

and  .-.  FC  is  ±  to  AB.  Def.  9. 

Q.  E.  F. 

Cor.  To  draw  a  straight  line  at  right  angles  to  a  given 
straight  line  ^Ofrom  one  extremity,  C,  take  any  point  Din 
AG,  produce  AC  to  E,  making  CE=CDy  and  proceed  as  in 
the  proposition. 

Ex.  1.  Shew  that  in  the  diagram  of  Prop.  ix.  ^Fand  jp?D 
intersect  each  other  at  right  angles,  and  that  ED  is  bisected 
l.y  AF. 

Ex.  2.  If  (X  be  the  point  in  which  two  lines,  bisecting  AB 
tiiid  AG,  two  sides  of  an  equilateral  triangle,  at  right  angles, 
meet ;  shew  that  OA,  OB,  OG  are  all  equal. 

Ex.  3*  Shew  that  Prop.  XI.  is  a  particular  case  of  Prop.  IX* 


fiook  i.] 
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Proposition  XII.    Problem. 
« 
Tp,  d/ravo  a  straight  line  perpendicular  to  a  given  straight 
line\>/  an  unlim/Ued  leiigth/rom  a  given  point  tdthout  it. 


m 

W 

bed 


Let  AB  be  the  p^iven  st.  line  of  unlimited  len^h ;  C  the 
given  pt.  withoiif  it. 

It  is  reqai,!       o  draw  from  G  ast.  line  x  to  AB. 

Take  any  pt.  D  on  the  other  side  of  AB. 

With,  centre  C  and  distance  CD  describe  a  0  cutting  Al 
iij  iS  and  F. 

Bisect  EF  in  0,  and  join  CE,  CO,  CF.  I.  10 

Then  CO  shall  be  ±  to  AB. 

For  in  as  COE,  COF, 

:•  EO^FO,  and  CO  is  common,  and  CE=-CF, 

.'.  z  COE^  L  COF ;  I.  c. 

/.  CO  is  ±  to  AB.  Def.  9. 

Q.  E.  F. 

Ex.  1.  If  the  straight  line  were  not  of  unlimited  length, 
how  might  the  construction  fail  ? 

Ex.  2.  If  in  a  triangle  the  perpendicular  from  the  vertex 
on  the  ba«e  bisect  the  base,  the  triangle  is  isosceles. 

Ex.  3.  The  lines  drawn  from  the  angular  points  of  an 
equHRteral  triimgle  to  the  middle  points  of  the  opposite  sides 
are  equal. 
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Miscellaneous  Exercises  ^  Props.  I.  to  XII. 

1.  Draw  a  finite  for  Prop.  ii.  for  the  case  when  the  given 
point  J.  is  ' 

(a)  below  the  line  BG  and  t«  the  rij;ht  of  it 
^)  below  the  line  BG  and  to  the  left  of  it. 

2.  Divide  a  given  angle  into  four  equal  parts. 

3.  The  angles  B,  G,  at  the  base  of  an  isosceles  triangle,  are 
bisected  by  the  straight  lines  JSD,  CD,  meeting  in  D  ;  shew 
that  BDG  is  an  isosceles  triangle. 

4.  D,  jE?,  F  are  points  taken  in  the  sides  BO,  GA,  JB,  of 
an  equilateral  triangle,  so  that  BD=GE^AF.  Shew  that 
the  triangle  DBF  is  equilateral. 

5.  In  a  given  straight  line  find  a  point  equidistant  from 
two  given  points  ;  1st,  on  the  same  side  of  it ;  2d,  on  opposite 
sides  of  it 

*  6.  ABG  is  a  triangle  having  the  angle  ABG  acute.     In  BA, 
>r  BA  produced,  find  a  point  D  such  that  BD*=GD. 

7.  The  equal  sides  AB^  AG,  of  an  isosceles  triangle  ABC 
ire  produced  to  points  F  and  Q,  so  that  AF—AG.  BG  and 
CF  are  joined,  and  H  is  the  point  of  their  intersection.  Prove 
that  BHs=GH,  and  also  that  the  angle  at  ^  is  bisected 
by^ff. 

8.  BAGj  BDG  are  isosceles  triangles,  standing  on  oppo- 
site sides  of  the  same  base  BG.  Prove  that  the  straight  line 
from  J.  to  X>  bisects  BG  at  right  angles. 

9.  In  how  many  directions  may  the  line  AE  be  drawn  in 
Prop.  III.  ? 

10.  The  two  sides  of  a  triangle  being  produced,  if  the 
angles  on  the  other  side  of  the  base  be  equal,  shew  that  the 
triangle  is  isosceles.  ' 

11.  ABGy  ABD  are  two  triangles  on  the  same  base  AB 
and  on  the  same  side  of  it,  the  vertex  of  each  triangle  being 
outside  the  other.    If  AG^AD,  shew  that  BG  cannot  ^BD. 

12.  From  G  any  point  in  a  straight  line  AB^  GD  is  drawn 
at  right  Mxgles  to  AB,  meeting  a  circle  described  with  centre 
A  and  distance  AB  in  D  ;  and  from  AD,  AE  is  cut  off  =  AC: 
ihew  tlmt  v<d!;##  is  a  right  angle.  ^ 
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PROFOSITIOPKIII.     ThKORIX. 

The  angles  which  one  straight  line  makes  with  another  upon 
one  side  of  it  are  eiiher  two  right  angles,  or  together  eqiuiU  to  tivo 
right  angles. 

Fig.L  Flg.& 


Let  AB  make  with  CD  upon  one  side  of  it  the  i  a  ABC, 
ABD. 

Then  must  these  he  either  two  rt.  is, 
or  together  equal  to  two  rt,  if 

First,  if  I  ABC=  i  ABD  m  in  Fig.  1, 

each  of  them  is  a  rt.  i.  Def.  0. 

Secondly,  if  /  ABC  he  not—  i  ABD,  as  in  Fig.  2, 

from  B  draw  BE  l  to  CD,  I.  11. 

Then  sum  of  z  s  ABC,  ABD  mm  aum  of  ^  s  EBC,  EBA,  ABD, 
and  sura  of  /  s  EBC,  EBDmmmm  of  z  s  EBC,  EBA,  ABD ; 
.-.  sum  of  z  s  ABC,  ABD  "mm  ot  it  EBC,  EBD ; 

Ax.  it 
.*.  sum  of  z  s  ABC,  ABDmi»\xm  of  ft  rt.  z  and  a  rt.  z  ;      ( 
A  IB  ABO,  ABD  are  togetlier—two  rt.  z  s. 

Q.  E.  D. 

Ex.  Straight  lines  drawn  connecting  the  opposite  angular 
points  of  a  quadrilateral  figure  intersect  each  other  in  0. 
Shew  that  the  angles  at  0  are  together  equal  to  four  right 
angles. 

Note  (1.)  If  two  angles  together  mnke  up  a  right  angle, 
each  is  called  the  Complement  of  the  other.  Thus,  in  fig.  2. 
z  ABD  is  the  complement  of  z  ABE. 

,^,  *i  ewo  angles  together  make  up  two  right  anples,  each 
»  called  the  Supplement  of  the  other.  Thus,  in  both  figures, 
I  A  BD  is  the  supplement  of  Z  ABO, 
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Propositiow  XIV.^Thkohiii. 

J/,  a%  a  point  in  a  straight  Uni,  two  other  strwight  Une»i  upon 
the  opposite  sides  of  it,  make  the  adjacent  angles  together  equal 
to  tioo  right  angles,  these  two  straight  Unet  m/ust  he  in  one  and 
the  same  straight  line. 


At  the  pt.  B  in  the  Rt.  line  AB  let  the  st.  lines  B.C,  BD, 
on  opposite  sides  of  AB,  iimk©  i  h  ABO,  ABD  together=»two 
rt.  angles. 

Then  BD  must  he  in  the  iome  §t.  Unt  with  BG. 

For  if  not,  let  BE  be  in  th©  iftm©  st,  line  with  BG. 

Then         z  s  ABG,  ABE  togithii-two  rt.  z  ».  I.  13. 

And  /  8  ABC,  ABD  togsther—two  rt.  /.  s.  Hyp. 

.-.  sum  of  ^  s  ABG,  ABE^nmx  of  z  u  ABO,  ABD. 

Take  away  from  each  of  thijse  tquals  the  z  ^  BO ; 

then  I  ABEm,  l  ABD,  Ax.  A. 

that  is,  the  less = the  greater  ;  whioh  ii  impossible, 

•.  BE  is  not  in  th©  iume  at.  lin©  with  BG. 

Similarly  it  mjiy  be  shewn  thitt  no  other  line  bnt  BD  is  in 
♦he  same  st.  line  vith  BO. 

.*.  BD  is  in  the  satn©  it.  line  with  BO. 


Q.  E.  D. 


th 


Ex.  Shew  the  necessity  of  the  irords  the  opposite  sides  in 
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If  two  straight  lines  cut  one  another j  the  vertically  opposite 
angles  must  be  equal. 


W 


Let  the  st.  lines  AB,  CD  cut  one  another  in  the  pt.  E. 

Then  must  l  AEC=  l  BED  and  l  AED=  l  BEO. 
For  •.•  AE  meets  CD,  " 

.*.  sum  of  /  8  AEQy  AED =two  rt.  z  s.  1. 13. 

And  •.•  DE  meets  AB, 

.'.  sum  of  z  s  BED,  AED =two  rt.  z  s  ;         I.  13. 
.-.  sum  of  z  s  AEC,  AED=mm  of  z  s  BED,  AED  ; 

.-.  z  AEC=  L  BED.  Ax.  3. 

Similarly  it  may  be  shewn  that  z  AED=  l  BEG. 

Q.  B.  D. 

Corollary  I.  From  this  it  is  manifest,  that  if  two  straight 
lines  cut  one  another,  the  four  angles,  which  they  make  at  the 
point  of  intersection,  are  together  equal  to  four  right  angles. 

Corollary  II.  All  the  angles,  made  by  any  number  of 
straight  lines  meeting  in  one  point,  are  together  equal  to  four 
right  angles. 

Ex.  1.  Shew  that  the  bisectors  of  AED  and  BEC  are  in 
the  same  straight  line. 
^    Ex.  2.   Prove  that  z  AED  is  equal  to  the  angle  between 
two  straight  lines  drawn  at  right  angles  from  E  to  AE  and 
EC,  if  both  lie  above  CD. 

Ex.  3.  If  AB,  CD  bisect  each  other  in  J^ ;  shew  that  the 
triangles  AED,  BEC  are  eq^jial  in  all  respects, 
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Note.  3.  On  Euelid!t  dt^finUion  of  an  AngU. 

Euclid  directs  us  to  regard  an  angle  as  the  inclination  of 
two  straight  lines  to  each  other,  which  meet,  hut  cure  not  in 
the  same  straight  line. 

Thus  he  does  not  recognise  the  existence  of  a  single  angle  , 
equal  in  magnitude  to  two  right  angles. 

The  words  printed  in  italics  are  omitted  as  ^needless,  in 
Def  VIII.,  p.  3,  and  that  definition  may  be  extended  with 
advantage  in  the  following  terms  * — 

Def.  Let  WQE  be  a  fixed  straight  line,  and  QP  a  line 
which  revolves  about  the  fixed  point  Q,  and  which  at  first 
coinf^iles  with  QE. 


!' 


9^ 


*  t 


( 


Then,  when  QP  has  reached  the  position  represented  in 
the  diagram,  we  say  that  it  has  described  the  angle  .J7QP. 

When  QP  has  revolved  so  far  as  to  coincide  with  QW^ 
we  say  that  it  has  described  an  angle  equal  to  two  right 
angles. 

Hence  we  may  obtain  an  easy  proof  of  Prop.  xiii. ;  for  what- 
ever the  position  of  PQ  may  be,  the  angles  which  it  makes 
with  WE  are  together  equal  to  two  right  angles. 

Again,  in  Prop.  xv.  it  is  evident  that  z  AED=  l  BECj 
since  each  has  the  same  supplementary  i  A  EC. 

We  shall  shew  hereafter,  p.  149,  how  this  definition  may  be 
extended,  so  a»  to  embrace  angles  greqier  tha/n>  two  right 
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If  one  aide  of  a  triangle  be  produced^  the  exterior  angU  if 
greater  than  either  of  the  interior  opyoiite  angUt. 


Let  the  side  BC  of  a  ABC  be  produced  to  D. 
Then  must  l  ACD  be  greater  than  either  l  CAB  or  L  ABC. 
Bisect  AC  in  E,  and  join  BE.  I.  10. 

Produce  BE  to  #,  making  EF^^BE,  and  join  FC. 
Then  in  L%  BE  A,  EEC, 

'.'  BE=^FE,  and  EA  ^EC,  and  i  BE  A  -  i  FEO,       I.  Ifl. 
.-.  I  ECF=-  I  EAB.  I.  4. 

Now  iACD\&  greater  than  i  ECF ;  Ax.  9. 

.'.I  ACDm  greater  than  z  EAB, 
that  is,  I  ACD  is  greater  than  z  CAB. 

Similarly,  if  AC  be  produced  to  0  it  may  be  tbewn  tiiat 
I  BCG  is  greater  than  i  ABO, 
and  iBCG^  iACD\  lift 

.'.  L  ACD  is  greater  than  i  ABO, 

Q.  E.  D. 

PJx.  1.  From  the  same  point  there  cannot  be  drawn  wor« 
than  two  equal  straight  lines  t«  meet  a  given  straight  line. 

Ex.  2.  If,  from  any  point,  a  straight  line  be  drawn  to  a 
given  straight  line  making  with  it  an  acute  and  an  nbtu»e 
vngle,  and  if,  from  the  same  point,  a  perpendioular  be  drawn  to 
the  given  line  ;  the  perpepdicular  will  fall  pp  the  side  of  tbf 
V"te  a'-g'f^,. 
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Any  ivao 
anglei. 


Propositiov  ^QiFII.     TlieORBH. 

of  a  triangle  are  together  leas  than  two  rigU 


a  1i 

Let ^£0 be  any  a. 

Then  fmit  amy  two  of  ita  l$  he  together  leu  them  two 
rt.  18. 

Produce  BG  to  D. 

Then  i  ACD  is  (greater  than  z  ABC.  I.  16i, 

.'.  z  s  ACDf  AGB  are  together  greater  than  z  s  ABC,  ACB. 
But  1 6  ACD,  ACB  together >■  two  rt.  z  s.  I.  i:i 

.*.  z  bABC,  ACB  are  together  less  than  two  rt.  z  s. 
Similarly  it  may  be  shewn  that  is  ABC,  BAO  and  als(' 
that  L  s  BAG,  ACB  are  together  less  than  two  rt.  i  s. 

Q.  E.  D. 
Note  4  On  the  Sixth  Postulate. 

We  learr  from  Prop.  xvn.  that  if  two  straight  lines  BM 
and  CNf  which  meet  in  A,  are  met  by  another  straight  liite 
D^  in  the  points  0,  P, 

fD 


the  angles  ilf OP  ana  NPO  are  together  less  than  two  right 
angles. 

The  Sixth  Postulate  asserts  that  if  a  line  DE  meeting  tw^ 
ether  lines  8^T.  CV  -o  k-q  MOP,  NPO^  the  (wo  interior 
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angles  on  the  same  Ride  of  If  together  less  than  two  ri^ht 
angles,  Bilf  and  CiVHiiall  meet  if  produced  on  the  same  aidi 
of  DE  on  which  are  the  angles  M.Of  and  NPO, 


Proposition  XVIII.   Tbeoreh. 

If  OTM  lide  of  a  triangle  be  greater  than  a  tecond,  th* 
angle  oppoiite  the  frat  must  be  greater  than  thai  opposite  the 
iecond. 


B  ■        7^ 

In  lABCj  let  side  AC\i6  greater  than  AK 
Then  must  l  ABC  be  greater  than  L  ACB. 

From  AC  cut  off  AD^'AB,  and  join  BD. 
Then  vAB^AD, 

.'.  L  ADB=  L  ABD, 
And '.'  CD,  a  side  of  a  BDC,  is  produced  to  A, 
.*.  /.  ADB  is  greater  than  i  ACB  \ 
.'.  also  L  ABD  is  greater  than  l  ACB. 
Much  more  is  l  ABC  greater  than  i  ACB. 


1.3. 
La. 
I.  16 


Q.  E.  O. 


Ex.    Shew  that  if  two  angles  of  a  triangle  be  equal,  the 
sides  which  subtend  them  are  equal  also  (EucL  I.  6). 
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%  Proposition  XIX.    Tukorem, 

If  one  anglt  of  a  triangU  be  greeUer  (Kan  a  tecmd^  (Ke 
fide  oppoaite  the  first  miut  be  greater  than  that  oppoaitt  (h* 
second. 


In  A  ABC,  let  i  ABC  ho  greater  than  i  ACB, 
Then  mtist  AG  be  greater  than  AB. 

For  if  ^C  be  not  greater  than  AB, 

AC  must  either =^  A,  or  be  less  than  AB. 
Now  AC  cannota^^,  for  then  .  I.  A. 

z  ABC  would  a  z  ACB,  which  is  not  the  case. 
And  AC  cannot  be  less  than  AB,  for  then  I.  18. 

I  ABC  would  be  less  than  z  ACB,  which  is  not  the  case ; 
.'.  ^C  is  greater  than  AB. 

Q.  B.  D. 

Ex.  1.  In  an  obtuse-angled  triangle,  the  greatest  side  is 
opposite  the  obtuse  angle. 

Ex.  2.  BC,  the  base  of  an  isosceles  triangle  BAG,  is  pro- 
duced to  any  point  D  ;  shew  that  AD  is  greater  than  AB. 

Ex.  3.  The  perpendicular  is  the  shortest  straijctht  line,  which 
can  be  drawn'frotn  a  given  point  to  a  given  straisrht  line  ;  and 
of  others,  that  which  is  nearer  to  tjie  perpendicnliir  is  less  than 
Qne  more  remote. 
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i  llOP«>!STTinN  XX.      TllKOKKM. 


A  ny  'too  rMi  qJ  a  trianyle  ar^  toyeOur  greater  than  tht  I 
third  "utCk 


ihaa 


I.  A. 


1.19. 


1^ 

i 


Let  ABC  he  h  A. 

Then  any  two  of  its  sides  mtut  be  together  greater 
the  third  side. 
Produce  BA  to  D,  making  AD^AO,  and  join  DC, 

Then  '.•  AD^AC, 

.'.  lAGD^l  ADC,  that  is,  l  BDO. 

Now  I  BCD  is  greater  than  i  ACD  ; 

.'.  L  BCD  is  also  greater  thnn  t  BDO ; 

.'.  BD  is  greater  than  BC. 

But  BD^BA  and  AD  together  ; 

that  is,  BD  =  BA  and  AC  together  ; 

.'.  BA  and  AC  together  are  greater  than  BO. 

Similarly  it  may  be  shewn  that 

AB  and  BC  together  are  greater  than  AC, 

And  BCmdCA  AB. 

Q.  R.  n, 

Ex.  1.  Prove  that  any  three  sides  of  a  quadrilateral  tigiiio 
are  together  greater  than  the  fourth  side. 

Ex.  2.  dliew   that  any  side   of  a  triangle  is  gveutcr  tlmnl 
the  difference  between  the  othp^  ♦wo  sides. 

Ex.  3.  Prove  that  the  sum  of  the  distances  of  any  point 

m  the  angular  points  of  a  quadrilateral  is  greater  than 
^,„f  the  perimeter  of  the  quadrilateral 
j\  9  ^^  ^'  I^  one, side  of  a  triangle  be  bisected,  the  sum  of  the 
two  other  sides  shall  be  more  than  double  of  the  line  joining 
the  v^ertex  and  the  point  of  bisecti<  n. 
I 
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Proposition  XXI.    Theorem. 

i/,  /rom  tlae  ends  of  the  side  of  a  triangle,  there  he 
drawn  two  straight  lines  to  a  point  vdthin  ths  triangle; 
these  will  he  together  less  than  the  other  sides  of  (he  triangle, 
but  mil  contain  a  greater  angle. 


Let  ABC  be  a  A ,  and  from  I),  a  pt.  in  the  A ,  draw  st. 
lines  to  B  and  C. 

Then  mil  BD,  DC  together  he  less  than  BA,  AC, 
but  L  BDCwill  be  greater  than,  l  BAG. 

Produce  BD  to  meet  ACva.lBi. 

Then  BAy  AE  are  together  greab«r  than  BE.  I.  20. 

Add  to  each  EC. 
Then  BA,  AG  are  together  greater  than  BE,  EC. 
Again,  DE,  EG  are  together  greater  than  DC.  I.  20. 

Add  to  each  BD. 
Then  BE,  EC  are  together  greater  than  BD,  DC. 
And  it  has  been  shewn  that  BA,  AG  are  together  greater 
than  BE,  EG ; 

.*.  BA,  AG  are  together  greater  than  BD,  DC. 
Next,  •.*  z  BDG  is  greater  than  z  DEC,  I.  IfJ. 

and  z  DEtl  is  greater  than  /  BAG,  I.  10. 

.*.  z  BDG  is  greater  than  i  BAG. 

Q.  E.  D. 

Ex.  1.  Upon  the  base  AB  of  a  triangle  ABC  is  described 
%■  quadrilateral  figure  ADEB,  which  is  entirely  within  the 
triangle.  Shew  taat  the  rfdes  AG,  OB  of  the  triangle  are 
together  greater  tiian  the  sides  AD,  DE,  EB  of  the  quadri- 
tateral. 
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Ex.  2.  Shew  that  the  sum  of  the  straight  lines,  joining 
the  angles  of  a  trijingle  with  a  point  within  the  triangle,  is 
less  than  the  perimeter  of  the  triangle,  and  greater  than  half 
the  perimeter.  . 

Proposition  XXII.    Prohlkm. 
To  make  a  triangle,  of  which  the  suits  shall  be  equal  to 
three  given  straight  lines,  any  tv>o  of  which  are  together  greater 
than  the-  third. 


B,   C 


1.3. 


Let  A,  B,  (7  be  the  three  given  lines,  any  two  of  which 
we  together  g'cnter  than  the  third. 

It  is  required  to  make  a  A  having  its  sides  ~  A, 
respectively. 

Take  a  st.  line  DE  of  unlimited  length. 
l[n  DE  make  bF==A,  FG = B,  and  GH==  G. 
With  centre  F  and  distance  FD,  describe  ®DKL. 
With  centre  G  and  distance  GH,  describe  ©  HKL. 

Join  FK  and  GK. 
Then  aKFG  has  its  sides  —A,B,  (7  respectively. 
For  FK=FD  ; 

.-.  FK=A  ; 
&nd  GK^GH; 

.'.  GK=G; 
mdFG  =  B; 
.'.  a  lKFG  has  been  described  as  reqd.        q.  e.  f. 
Ex.   Draw  an  isosceles  triangle  having  each  of  the  eqti^l 
lldes  4ouble  pf  the  bqs9, 


Def.  13 


Def.  13. 
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Proposition  XXIII.    Problem. 

Ai  d  given  point  in  a  given  straight  line,  to  make  an 
angle  equal  to  a  given  angle. 


IT' 


Let  A  be  the  given  pt.,  BC  the  given  line,  DEF  the 
given  z  . 

It  ia  reqd.  to  make  at  pt.  A  an  angle  =  z  DEF. 
In  ED,  EF  take  any  pts.  D.  F ;  and  join  DF. 
In  AB,  produced  if  necessary,  make  AG=DE. 
In  AC,  produced  if  necessary,  make  AII==EF. 
In  HG,  produced  if  necessary,  make  HK=FD. 

With  centre  A,  and  distance  AG,  describe  ©  GLM. 
With  centre  H,  and  distance  HK,  describe  ©  LKM. 
Join  AL  and  HL. 
Then  •.•  LA=^AG,.:  LA  =DE  ;  Ax.  1 

and  •.•  HL=HK,  .'.  HL=FD.  Ax.  1- 

Then  in  lb  LAH,  DEF, 

'.-  LA  =^DE,  and  AH = EF,  and  HL^FD ; 

.'.  iLAH^lDEF.  I.e. 

,\  fM)  angle  L4J7  l^a^  ^^en  made  at  pt.  A  as  was  reqd. 
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Note. — We  here  give  the  proof  of  n  theorem,  necessary  to 
the  proof  of  Prop.  XXIV.  and  applicable  to  several  prooosi- 
tions  in  Book  III. 


Proposition  D.    Theorem. 

Every  straight  line,  drawn  from  the  vertex  of  a  triangle  to 
the  base,  is  less  them  the  greater  of  the  tvx)  aides,  or  than  either, 
if  they  be  equal,. 


In  the  A  -480;  let  the  side  -4C  bo  not  less  than  AB. 
Take  any  pt.  D  in  JBO,  and  join  AD. 

Then,  must  AD  he  less  than  AC. 

For  *.'  AC  is  not  less  than  AB  ; 

.*.  I  ABD  is  not  less  than  ^  ACD.  I.  a.  and  18. 

But  I  ADC  is  greatar  than  z  ABD  ;  I.  18. 

/. '  z  ADC  is  greater  than  i  A  CD  ; 

.'.  ul(7  is  greater  than  ^D.  I.  IJ. 

Q.  s.  »k 
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Proposition  XXIV.    Theorem. 

If  two  triangles  have  tioo  sides  of  the  one  equal  to  tivo 
sides  of  the  other,  each  to  each,  Int  the  angle  contained  by 
the  two  sides  of  one  of  them  greater  than  the  angle  contain ed  by 
the  two  sides  ecjnal  to  them  of  the  other  ;  the  base  of  that  ivhich 
has  the  greater  angle  rmist  be  greater  than  the  base  of  the  other. 


In  the  AS  ABC,  DEF, 

let  AB=DE  and  AC=DF, 

and  let  z  BAG  be  greater  than  z  EDF. 

Then  must  BC  be- greater  than  EF. 

Of  l-he  two  sides  DE,  DF  let  DE  be  not  greater  than  DF* 
A'u  pt.  D  in  St.  line  ED  make  z  EDG=-  l  BAG,  I.  23. 

and  make  DQ=AG  or  DF,  and  join  EG,  GF. 

Then'.' AB^DE,  and  AG=DG,  and  z  BAG^  l  EDG, 


.'.BG=EG, 
Again,  '.' DG==DF, 

.'.  iDFG=iDGF', 
.'.  L  EFG  is  greater  than  l  DGF  ; 
much  more  then  l  EFG  is  greater  than  l  EGF  ; 
.*.  EG  is  greater  than  EF. 
But  EG =BC', 

.'.  BC  is  greater  than  EF. 


1.4. 


1.  A. 


I.  19. 


Q.  E.  D. 

*This  line  was  added  by  Slmson  to  obviate  a  defect  in  Euclid's 
proof.  Without  this  condition,  three  distinct  cases  must  be  discussed. 
With  the  condition,  we  can  prove  that  F  must  lie  below  EG. 

For  since  DF  is  not  less  than  DE,  and  DQ  is  drawn  equal  to  DF, 
DO  is  not  less  than  DE. 

Hence  by  Prop,  n,  any  line  drawn  from  D  to  meet  EO  is 
less  than  DO,  and  therefore  DF,  being  equal  to  DO,  must  extend 
beyond  EO. 

For  another  method  of  proving  the  Proposition, -see  p.  113. 
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Proposition  XXV.    THBORfcif. 

If  two  triangles  have  two  aidea  of  the  oiie  equal  to  two  sides 
of  the  other,  each,  to  each,  hut  the  base  of  the  one  greater  than 
the  base  of  the  other ;  the  angle  also,  contained,  by  the  sides  of 
thai  uihich  has  the  greater  base,  must  be  greater  them  the  a/nglo 
contained  by  the  sides  equal  to  timn  of  the  other. 


In  the  LB  ABO,  DBF, 

let  AB^DE  and  AO^DF, 

and  let  BO  be  greater  than  EF, 

Then  must  i  BAO  he  greater  them  l  EDF. 

For  I  BACi&  greater  than,  equal  to,  or  leM  than  z  EDF. 

Now  I  BAO  cannot-  i  EDF, 

for  then,  by  i.  4,  BO  would— J»  J* ;  which  is  not  the  case. 
And  I  BAG  cannot  be  less  than  2  EDF, 
for  then,  by  i.  24,  BO  would  be  Ismb  than  EF ;  which  is 
not  the  case  ; 

.'.  I  BAO  must  be  greater  than  i  EDF. 

Q.  K.  D. 

Note. — In  Prop.  xxvi.  Euclid  inoludet  two  caseB,  in  which 
two  triangles  are  equal  in  all  regpects  ;  viz.,  when  the  following 
parts  are  equal  in  the  two  triangles  : 

1.  Two  angles  and  the  side  between  tlietn. 

2.  Two  angles  and  the  side  opposite  one  of  them. 

Of  these  we  have  already  proved  the  first  case,  in  Prop,  b, 
80  that  we  have  only  the  second  oate  left,  to  form  the  subject 
of  Prop.  XXVI.,  which  we  shall  prove  by  the  method  of 
superposition. 

For  Euclid's  proof  of  Prop,  xxvi ,  it«e  pp   114-U6.    ,, 
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PROPOSiTlON  XXVI.      TilKOHEM. 

If  two  tiianglea  have  two  angles  of  the  one  equal  to  two  angles 
of  the  other,  each  to  each,  and  out  tide  equal  to  one  side,  those 
sides  being  opposite  to  equal  anylei  in  each ;  then  mmt  the 
tviangUs  he  equal  in  ail  respects, 


} 


In  ^9ABCfDEF, 
let  z  ABC"  I  DEF,  and  i  AOB^  l  DFE,  and  AB^DE. 

j    Then  must  BC^EF,  and  AC^DF,  and  lBAC^  c  EDF. 
Suppose  A  DEF  to  bt  applied  to  A  ABC, 

80  that  D  coincides  v^ith  A,  and  DE  fulls  on  AB, 
Then  •.•  DEmmAB, .:  EwiW  coincide  with  B  ; 

and  •/  I  DEFm  L  ABO, .'.  EF  will  fall  ou  BC. 
Then  must  F  coincide  with  C'  for,  if  not, 
let  F fall  hetwem  B  and  0,  iit  the  pt.  H.    Join  AH. 
Then  '.•  i  AHB'^  l  X)FE,  I.  4. 

/.  L  AHBm  L  ACB, 

the  extr.  z  ->  the  tntr.  and  opposite  z ,  which  is  impossible. 

1  .'.  F  does  not  fall  between  B  and  C. 

Similarly,  it  may  be  shewn  that  F  does  not  fiftll  on  BG 
produced. 

.*.  F  oolnoioes  with  C,  and  .*.  BC^EF ; 

.'.  AC^DF,  and  iBAC"  i  EDF,  L  4 

and  «*.  the  triangles  are  efi^ual  in  all  respeoto. 

<).  K.  D. 
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Miscellaneotu  Exe/rciaes  on  Props.  I.  to  XXVI. 

\.  M  \a  the  nii<l  lie  point  of  the  base  BC  of  an  isosceles 
triangle  ABG^  and  ^  is  a  point  in  AC.  Shew  that  the 
difference  between  MB  and  MN  is  less  than  that  between 
AB  and  AN. 

2.  ABG  is  a  triangle,  and  the  angle  at  A  is  bisected  by  a 
straight  line  which  meets  BC  at  D  ;  shew  that  BA  is  greater 
than  £i),  i^id  (JA  greater  than  CD. 

3.  ABy  AC  are  straight  lines  meeting  in  A^  and  D  is 
a  given  point.  Draw  through  D  a  straight  line  cutting  off 
equal  parts  from  ABj  AC. 

4.  Draw  a  straight  line  through  a  given  point,  to  make 
equal  angles  with  two  given  straight  lines  which  meet. 

5.  A  given  angle  £^(7  is  bisected;  if  CA  be  produced  to 
0  and  the  angle  BAO  bisected,  the  two  bisecting  lines  are  at 
right  angles. 

6.  Two  straight  lines  are  drawn  to  the  base  of  a  triangle 
from  the  vertel,  one  bisecting  the  vertical  angle,  and  the  oth^r 
bisecting  the  baso>  Prove  that  the  latter  is  the  greater  of  the 
two  .lines. 

7.  Shew  that  Prop,  xvil  may  be  proved  without  pro- 
ducing a  side  of  the  triangle. 

8.  Shew  that  Prop,  xviii.  may  be  proved  by  means  of  the 
following  construction  :  cut  off  AD—AB,  draw  AH,  bisecting 

I BAO  and  meeting  BC  in  E,  and  jotli  DB. 

9.  Shew  that  Prop.  xx.  can  be  proved,  without  producing 
one  of  the  sides  of  the  triangle,  by  bisecting  one  of  the  anglea. 

10.  Giveii  two  angles  of  a  triangle  and  the  side  adjaoenfe 
to  them,  construct  the  triangle. 

11.  Shew  that  the  perpendiculars,  let  fall  on  two  ridst 
of  a  triangle  from  any  point  in  the  straight  line  bisecting  Hm 
Uii^9'  oontained  by  tlie  two  sides,  are  equal 
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We  conclude  Section  I.  with  the  proof  (omitted  by  Euclid) 
of  another  case  in  which  two  triangles  are  equal  in  all 
respects. 

Proposition  E.    Theorem. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  aides  about  a  second  angle  in 
each  equal:  then,  if  the  third  angles  in  each  be  both  acute, 
both  obtvM,  or  if  one  of  ih&m  be  a  right  angU,  the  triangles 
are  equal  in,  all  revpects. 


In  the  AS  ABC,  DEF,  let  iBAC=iEDF,  AB^DE, 
BC=EF,  and  let  laACB,  DFE  be  both  acute,  both  obtuse, 
or  let  one  of  them  be  a  right  angle. 

Then  mwt  A  a  ABC,  DEF  be  equal  in  all  respects. 

For  if  AC  be  not  ^DF,  make  AG=DF ;  and  join  BO. 

'ihen'm  LaBAa,EDF, 

:•  BA^ED,  and  AQ^'DF,  and  z  BAG'"  l  EDF, 

.-.  BG^EF  and  z  AGB=  l  DFE.  I  4- 

But  BC=-EF,  and  .-.  BG-^BC ; 

.-.  iBCG^iBGC.  La. 

First,  let  i  ACB  and  i  DFE  be  both  acute, 

then   I  AGB^'w  acute,  and  .'.  i  BGC is  obtuse  ;      I.  13. 
.*.  I  BCG  is  obtuse,  which  is  contrary  to  the  hypothesis. 
Next,  let  lAOB  and  i  DFE  be  both  obtuse, 

then   I  AGS  S&  obtuse,  and  .*.  i  BGC  in  acute  ;      I.  13. 
•'»  '  BQQ  is  acute,  wbiob  is  contrary  to  the  h^rpothesis. 
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Lastly,  let  one  of  the  third  ongloi  AOB^  DFE  b«  ^  right 
tngle. 

If  I AOB  be  a  rt.  z  , 

then  L  BOO  is  also  a  rt.  z  ;  \,  m, 

.'.  1 8  BCOt  BOO  together— two  rt,  i§,  which  If  im* 
possible.  L 17. 

Again,  if  i  DFE  be  a  rt.  z  , 

then  I  AOB  is  a  rt  z  ,  and  .*.  i  BOO  is  a  rt  Z .      I.  13. 
Hence  i  BOO  is  also  a  rt.  z . 
.*.  z  8  BOO,  BOO  together-itwo  rt  z  s,  which  to  impoitiblo. 

L17. 
Hence  AO  u  equal  to  DF, 
and  the  as  ABO,  DBF  are  equal  in  all  respecti. 

Q.  AD. 

GoR.  From  the  first  case  of  thu  proposition  we  deduce 
the  following  important  theorem : 

If  two  righlrangUd  trumgle$  have  the  hypot&MUi  and 
one  tide  of  the  one  equal  retpeetively  to  the  hypotemui  and 
one  tide  of  (he  other,  the  trianglee  are  eqwu  in  all  retpeeU, 

Note.  Ip  the  enunciation  of  Prop.  B,  if,  instcMl  of  th« 
words  if  one  of  them  he  a  right  attgle,  we  put  the  words  both 
right  anglee,  this  case  of  the  prof^iclNi  would  be  idtntkal 
with  L  as. 
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SECTION  II. 
TAe  Theory  of  Parallel  Lines. 

INTRODUCTION. 

Wb  have  detached  the  Propositions,  in  which  Euclid  treats 
of  Parallel  Lines,  from  those  which  precede  and  follow  them  in 
the  First  Book,  in  order  that  the  student  may  have  a  clearer 
notion  of  the  difficulties  attending  this  division  of  the  subject, 
and  of  the  way  in  which  Euclid  proposes  to  meet  them. 

We  must  first  explain  some  technical  terms  used  in  this 
Section. 

If  a  straight  line  BF  cut  two  other  straight  lines  AB^  CDf 
it  makes  with  those  lines  eight  angles,  to  which  particular 
names  are  given. 


The  angles  numbered  1,  4,  6,  7  are  called  Interior  angles 

2,3,5,8   Exterior 

The  angles  marked  1  and  7  are  called  alteiiiate  angles. 
The  angles  marked  4  and  6  are  also  called  alternate  angles. 
The  pairs  of  angles  1  and  5,  2  and  6,  4  and  8,  3  and  7  are 
called  corresponding  angles. 

Note.  From  I.  13  it  is  clear  that  the  angles  1,  4,  6,  7  are 
together  equal  to  foar  vi„'ht  aii;,^\a. 


J 


Book  I.] 


PHOPOS/T/ON  XXVII. 


4S 


pROPoemoN  XXVli.    Theorkm. 


If  a  ttradgJU  line,  falling  upon  two  other  ttrtxight  linei,  make 
(he  alternate  angles  equal  to  one  another;  thes^  two  itraight 
Unet  mvst  be  paraUd. 


Let  the  at.  line  EFj  falling  on  the  st.  linos  AB^  OJD, 

make  the  alternate  i  s  AGH,  OHD  equal. 

Then  must  AB  be  il  to  CD. 

For  if  not,  AB  and  CD  will  meet,  if  produced,  either  towards 
B,  Di  or  towards  Aj  C. 

Let  them  be  produced  and  meet  towards  B,  Din  K. 

Then  GHK  is  a  a  ; 

and  .'.  I  AGH  is  greater  than  i  GHD.  I.  16. 

But  I AGH^  i  GHD,  Hyp. 

which  is  impossible. 

.*.  AB,  CD  do  not  meet  when  produced  towards  B,  D. 

In  like  manner  it  may  be  shewn  that  they  do  not  meet 
when  produced  towards  A.  O. 

AB  and  CD  are  parallel.  Def.  26. 

<l.  E.  D. 
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Proposition  XXVIII.    Theorem. 

If  a  straight  line,  falling  upon  two  other  straight  lines,  make 
the  exterior  angle  equal  to  the  interior  and  opponite  upon  the 
same  side  of  the  line,  or  make  the  interior  angles  upon  the  same 
side  together  equal  to  two  right  angles;  the  two  straight  lines 
are  parallel  to  one  another. 


Hyp. 

I.  16. 


II. 


Let  the  st.  line  EF,  fallin(;r  on  nt.  lines  AB,  CD,  make 
I.    z  J5G'JB  =  corresponding  i  OHD,  or 
II.   z  s  BGH,  GHD  together- two  rt.  z  s. 
Therif  in  either  case,  AB  must  he  ||  to  CD, 

I  '.'  L  EGB  is  given  =  i  GHD, 

and  z  EGB  is  known  to  be=  z  AGH, 
.:  I  AGH^  I  GHD  i 
and  these  are  alternate  z  b  ; 
.-.  AB  is  II  to  CD. 
V  1 8  BGH,  GHD  together = two  rt.  z  8, 
and  z  s  BGH,  AGH  togother=two  rt.  z  s, 
1 8  BGH,  AGH  together-  z  s  BGH,  GHD  together ; 
.-.  z  AGH^  L  GHD  > 
.'.  AB  is  II  to  CD.  L  27. 

a  ■.  D. 


1.27. 
Hyp. 
I.  1.^ 
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Note  6.  On  the  Sixth  Poetulate. 

In  the  place  of  Euclid's  Sixth  Postulate  nmny  modvrn 
Mrriters  on  Qeometry  propuso,  ua  more  evident  to  the  leDiies, 
the  following  Postulate  : — 

"  Two  straight  lines  which  cut  one  another  cannot  doth  he 
parallel  to  the  same  straight  line.^* 

If  this  be  assumed,  we  can  prove  Pust.  6,  us  a  Theorem, 
thus : 

Let  the  line  EF  falling  on  the  lines  AB,  CD  make  the  i  § 
BOHf  OHD  together  less  than  two  rt.  i  s.  Then  must  AB, 
CD  meet  when  produced  towards  B,  D. 


For  if  not^  suppose  AB  and  CD  to  be  parallel. 
Then  •.*  d.  s  AGE,  BOH  toge(her-=two  rt.  i  s,  I.  13. 

and  I  8  OHD,  BOH  are  together  less  than  two  rt.  i  §, 
.'.  L  AOH  is  greater  than  z  OHD. 
Make  i  MOH^  l  OHD,  and  produce  MO  to  N. 
Then  •.*  the  alternate  l%  MOH,  OHD  are  equal, 

.-.  MN  is  II  to  CD.  I.  27. 

Thus  two  lines  MN,  .  B  which  cut  one  another  are  both 
uarallel  to  CD,  which  is  impossible. 

.*.  AB  and  CD  are  ujt  parallel. 
It  is  also  clear  that  they  meet  towaida  B,  D,  because  67' 
lies  between  ON  and  HD, 

Q.  K.  0 
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Proposition  XXIX.    Tukoreh. 

If  a  straight  line  fall  upon  two  parallel  straight  lines,  it 
makes  the  two  interior  angles  upon  the  sa/me  side  together  equal 
to  two  right  angles,  and  also  the  alternate  angles  equal  to  one 
another,  and  also  the  exterior  angle  equal  to  the  interior  and 
opposite  upon  the  sams  side. 


Let  the  st.  line  EF  fall  on  the  parallel  at.  lines  AB,  CD. 
Then  must 

Lib  BGH,  OHD  together » two  rt.  /  s. 
II.   z  ^Gfif  ^alternate  z  GHD. 
III.    z  £C?£= corresponding  i  GHD. 
I.   z  8  BGH,  GHD  cannot  be  together  less  than  two  rt.  z  s, 
for  then  AB  and  CD  would  meet  if  produced  towards 
B  and  D,  Post.  6. 

which  cannot  be,  for  they  are  parallel 
Nor  can  z  s  BGH,  GHD  be  together  grealer  than  two 
rt  zs, 
for  then  z  s  AGH,  GHC  would  be  together  less  than 
two  rt.  z  8,  I.  13. 

and  AB,  CD  would  meet  if  produced  towards  A  and  C 

Post.  6 
which  cannot  be,  for  they  are  parallel, 
.-.  z  s  BGH,  GHD  together—two  rt.  ^  s. 

..  •••  z  8  BGH,  GHD  together = two  rt.  z  s, 

and  z  s  BGH,  AGH  together==two  rt.  z  s,  I.  13. 
.-.  z  s  BGH,  AGH  together-  z  s  BGH,  GHD  together, 

and  .-.  z  AGH=  z  GHD.  Ax.  3. 
UI.  •••  z  AGH^'  L  GHD, 

->d  L  AGHr^  I  EGB,  I.  16. 

.'.  z  EGB^  I  GHD.  Ax.  1 

Q.  B,  D, 


A. 


^■^^y 
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two 


ExERCissa, 

1.  If  through  a  point,  equidistant  from  two  parallel 
Rtraight  lines,  two  straight  lines  be  drawn  cutting  the  parallel 
straight  lines ;  they  will  intercept  equal  portions  of  the 
parallel  lines. 

2.  If  a  straight  line  be  drawn,  bisecting  one  of  the  angles 
of  a  triangle,  to  meet  the  opposite  side  ;  the  straight  lines 
drawn  from  the  point  of  section,  parallel  to  the  other  sides 
and  terminated  by  those  sides,  will  be  equal 

'6.  It  any  straight  line  joining  two  parallel  straight  lines 
be  bisected,  any  other  straight  line,  drawn  through  the  point  of 
bisection  to  meet  the  two  lines,  will  be  bisected  in  that  point. 

Note.  One  Theorem  (A)  if  taid  to  be  the  convene  of  another 
Theorem  (£),  when  the  hypothesis  in  (A)  is  the  conclusion  in 
(B),  and  the  conclusion  in  (A)  is  the  hypothesis  in  (B). 

For  example,  the  Theorem  I.  a.  may  be  stated  thus : 
Hypothesit.  If  two  sides  of  a  triangle  be  equaL 
ConelusioH.  The  angles  opposite  those  sides  must  also  be 
equal 

The  converse  of  this  is  the  Theorem  I.  b.  Ck)r. : 
Hypotheda,  If  two  angles  of  a  triangle  be  equal 
Conclusion.  The  sides  opposite  those  angles  must  also  be  v,:v 
equal  Jm 

The  following  are  other  instances ; 

Pustulate  Yi.  is  the  converse  of  I.  17. 
I.  29  is  the  converse  of  I.  27  and  28. 


,  13. 


16. 
.  1 


vV. 
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Proposition  XXX.    Theorem. 

Straight   lines    which    are  parallel    to  the   same   straight 
line  are  pa/raUcJ  to  one  another. 


Let  the  at.  lines  AB^  CD  be  each  ||  to  EF. 
Then  must  AB  he  \\  to  CD. 

Draw  the  st.  line  OH,  cutting  AB,  CD,  EF  in  the  pts. 


Then  •.'  QH  cuts  the  ||  lines  AB,  EF, 

.'.  L  ^0^= alternate  l  PQF. 

And  •••  GH  cuts  the  ||  lines  CD,  EF, 

.:  extr.  I  OPD=intr.  l  PQF ; 
.-.  z  AOP=  L  OPD  ; 

and  these  are  alternate  angles ; 
.*.  AB  is  II  to  CD. 


1.29. 
1.29. 

I.  27. 


Q.  B.  D. 


The  following  Theorems  are  important.  They  admit  of 
easy  proof,  and  are  therefore  left  as  Exercises  for  the 
student. 

1.  If  two  straight  lines  be  parallel  to  two  other  straight 
lines,  each  to  each,  the  first  pair  make  the  same  angles  with 
one  another  as  the  second. 

2.  If  two  straight  lines  be  perpendicular  to  two  other 
str|j»M£[|tnes,  each  to  each,  the  first  paiir  make  the  same  angles 
witii^  0ne  another  as  the  second 
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Proposition  XXXI.    Problem. 

To  draw  a  xbaight  line  through  a  given  point  pcvraUe^ 
to  a  given  straight  line. 


'A 


s 

Let  A  be  the  given  pt.  and  BC  the  given  st.  line. 

It  is  required  to  draw  through  A  ast.  line\\  to  BC.  , 

In  BO  take  any  pt.  D,  and  join  AD. 

Make  z  DAE^  l  ADC.  I.  23. 

Prfc^'-K:     "^ A  to  F.    Then  EF  shall  be  'J  to  BC. 

For  ','  ADf  meeting  EF  and  BC,  maken  the  alternat«> 
angles  equal,  that  is,  i  EAD=  l  ADC, 

.:  EF  is  \\  to  BC.  1.2" 

.*.  a  8t.  line  has  been  drawn  through  ^  |l  to  BC 

Q.  E.  F. 

Ex.  1.  From  a  given  point  draw  a  straight  line,  to  make 
an  angle  with  a  given  straight  line  that  shall  be  equal  to 
a  given  angle. 

Kx.  2.  Through  e.  given  point  A  draw  a  straight  line 
ABC,  meeting  two  parallel  straight  lines  in  B  and  C,  so  that 
BO  may  be  equal  to  a  given  straight  line. 


^^        ?K- 
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Proposition  XXXII.    Theorem. 

If  a  side  of  any  triangle  be  produced,  the  exterior  angle 
is  equal  to  the  two  interior  and  opposite  angles,  and  the 
three  interior  angles  of  every  triangle  are  together  equal  to 
two  right  angles. 


Let  ABO  be  a  A ,  and  let  one  of  its  sides,  BC,  be  pro> 
duced  to  D. 


Then  will 
L     /  ACD='  L  s  ABC,  B4C  together. 
II.     z  8  ABC,  BAC,  ACB  together  ==:two  rt  L  a. 

From  Cdraw  CE  ||  to  AB. 


1.31. 

L29. 
1.29. 


Then  I.  •.'  BD  meets  the  Hs  EC,  AB, 

.'.  extr.  z  ^aD=ititr.  i  4^. 
And  •.•  ^0 meets  the  lis  EC,  AS^^ 

.'.  L  ^aE?=al^rrfate  l  BAG. 
.-.  L  s  BCD,  ACE  together^  z  s  ABC,  BAC  together  ; 

.'.  z  ACD^'  I  a  ABC,  BAC  together. 
And  II.  •.•   z  s  ABC,  BAG  together^  z  ACDj 
to  each  of  these  equals  add  z  ACB  ; 
then  z  8  ABC,  BAG,  ACB  together  =  i9ACD,ACB  together, 
.*.  z  s  ABC,  BAC,  ACB  together=two  rt.  z  s.      I.  13. 

Q^  E.  D. 

Ex.  1.  In  an  acute-angled  triangle,  any   two   angles   are 
greater  than  the  third. 

Ex.  2.  The  strafght  line,  which  bisects  the  external  vertical 
anj^e  of  an  isosceles  triangle  is  parallel  to  the  base. 
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Ex.  3.  If  the  side  BO  of  the  triangle  ABC  be  produced  to 
D,  and  AE  be  drawn  bisecting  the  angle  BAC  and  meeting 
BC  in  E ;  shew  that  the  angieR  ABDf  ACD  are  together 
double  of  the  angle  A  ED, 

Ex.  4.  If  the  straight  lines  bUeoting  the  angles  at  the  base 
of  an  isosceles  triangle  be  produced  to  meet ;  shew  that  they 
will  contain  an  angle  equal  to  an  exterior  angle  at  the  base  of 
the  triangle. 

Ex.  5.  If  the  straight  line  bisecting  the  external  angle  of  a 
triangle  be  parallel  to  the  base ;  prove  that  the  triangle  is 
isosceles.  * 

The  following  Corollaries  to  Prop.  32  were  first  given  in 
Simson's  Edition  of  Euclid. 

Cor.  1.  The  awm  of  the  interior  cmgles  of  any  rectilinear 
figure  together  with  four  right  anglei  is  equal  to  twice  as  many 
right  angles  as  the  figure  liOn  tidea. 


Let  ABODE  be  any  rectilinear  figure. 

Take  any  pt.  F  within  the  figure,  and  from  F  draw  the 
St.  lines  FA,  FB- FO,  FD,  FE  to  the  angular  pts.  of  the  figure 

Then  there  are  formed  as  many  z  8  as  the  figure  has 
sides. 

The  three  z  s  in  eo/di  of  these  A  s  together  "two  rt.  l  s. 

.'.all  the  z  s  in  these  ap>  together ■■  twice  as  many  right 
/:  s  a^  there  are  A  s,  that  is,  twice  as  many  right  z  s  as  the 
Hgure  has  sides. 

Now  angles  of  all  the  As—  z  s  at  A^  B,  0,  L,  E  and  l  s 

AtF, 

that  is,        —  z  s  of  the  figure  and  z  i  at  JP, 
and  .*.  =  z  s  of  the  figure  and  four  rt.  z  «.     I.  16.  Cor.  2 

.'.  z  s  of  the  figure  and  four  rt.  z  s— twice  as  many  rt.  ^  9 
48  the  figure  h&s  side?,  -^ 


< 
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Cor.  2.  Tht  exterior  angtei  of  any  convex  rectilinea/r  figure^ 
made  by  produeing  each  of  iti  aidet  in  $ucce8sion,  ore  together 
equal  to  four  right  anglet. 

Every  interior  angii,  n«  ABd  "nd  its  adjacent  exterior 
angle,  as  ABD^  together  are -"two  rt.  Lfi. 


.'.all  the  intr.  i%  together  with  all  the  extr.  zs 

=  twice  as  many  rt.  i:  tt  iw  the  figure  has  sides. 
But  all  the  intr.    i  %  together   with    four  rt.    z  s 

->  twice  as  many  rt.  z  s  as  the  figure  has  sides. 
.'.  all  the  intr.  z  i  together  with  all  the  extr.  z  s 
Ball  the  intr.  z  •  together  with  four  rt.  z  s. 
.*.  all  the  ixtr.  z  i«four  rt.  z  s. 
NoTF.  The  Uitt^^r  of  thtie  corollaries  refers  only  to  convev 
figures,  that  ia,  figures  in  which  every  interior  angle  is  less 
than  two  right  anglei.    When  a  figure  contains  an  angle  greater 


t( 


ot 


A 


pa 
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vu 


than  two  right  anglei,  ae  the  angle  marked  by  the  dotted  line 
in  the  diagram,  thb  is  called  a  refiex  angle.    See  p.  149. 

lux.  1.  The  exterior  angles  of  a  quadrilateral  made  by  pro- 
ducing the  sides  successively  are  together  equal  ^o  the  interior 
••i;Ie9. 
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Ex.  2.  Prove  that  the  interior  angles  of  a  hexagon  are  equal 
to  eight  right  angles. 

Ex.  3.  Shew  that  the  angle  of  an  equiangular  pentagon  is  i 
•f  a  right  angle. 

Ex.  4.  How  many  sides  has  the  rectilinear  figure,  the  sum 
of  whose  interior  angles  is  double  that  of  its  exterior  angles  ? 

I     Ex.  5.  How  many  sides  has  an  equiangular  polygon,  four  / 
■  of  whose  angles  are  together  equal  to  seven  right  angles  ?  ' 

/  «  —    -■    y    i  ,  .       0  * 

Proposition  ^XXIII.    Theorem.  "^ 

The  itraight  lines  which  join  the  exlremitiea  of  two  equal  and 
parallel  straight  lines,  towards  the  same  parts,  are  also  them- 
selves equal  and  parallel. 


Let  the  equal  and  ||  st.  lines  AB,  CD  be  joined  towards  th« 
same  parts  by  the  st.  lines  AG,  BI). 

Then  must  AG  and  BD  be  equal  and  ||. 

Join  BG. 
Then  '.-  AB  is  ||  to  CD, 

.'.  L  ^iJO= alternate  l  DGB.  I.  29. 

Then  in  LfiABCBCD, 
'.'  AB=GD,  and  BC  is  common,  and  i  ABG'^  l  DCB, 

.'.AG=BD,iind  lAGB^iDBC.  1.4. 

Tb«n  •••  BG,  meeting  AG  and  BD, 

makes  the  alternate  i  s  AGB,  DBG  equal, 
/^Cj8J|jtoB^:__,r^ 

(|.  B.  O. 


F. 
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Miseellaneotu  Exercises  on  Seelions  1.  and  II. 

1.  Jf  two  exterior  angles  of  a  triangle  be  bisected  by 
straight  lines  which  meet  in  0 ;  prove  that  the  perpendiculars 
from  0  on  the  sides,  or  the  sides  produced,  of  the  triangle  are 
equal. 

2.  Trisect  a  right  angle. 

3.  The  bisectors  of  the  three  angles  of  a  triangle  meet  in 
one  point. 

4.  The  perpendiculars  to  the  three  sides  of  a  triangle  drawn 
from  the  middle  points  of  the  sides  meet  in  one  point. 

6.  The  angle  between  the  bisector  of  the  angle  BAG  of  the 
triangle  ABC  and  the  perpendicular  from  A  on  BC,  is  equal 
to  half  the  difference  between  the  angles  at  B  and  C. 

6.  If  the  straight  line  AD  bisect  the  angle  at  A  of  the 
triangle  ABG,  and  BDE  be  drawn  perpendicular  to  AD,  and 
meeting  ^0,  or  AO  produced,  in  E;  shew  that  BD  is  equal 
toD^. 

7.  Divide  a  right  angled  triangle  into  two  isosceles  tri* 
angles. 

8.  AB,  CD  are  two  given  straight  lines.  Through  a  point 
E  between  them  draw  a  straight  line  QEH,  such  that  the  in- 
tercepted portion  GH  shull  be  bisected  in  E. 

9.  The  vertical  angle  0  of  a  triangle  OPQ  is  a  right,  acute, 
or  obtuse  angle,  according  as  OR,  the  line  bisecting  PQ,  is 
equal  to,  greater  or  less  than  the  half  of  PQ. 

10.  Shew  by  means  of  Ex.  9  &ow  to  draw  a  perpen- 
dicular to  a  given  strught  line  from  its  extremity  without  pro- 
ducing it. 
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SECTION  III. 


On  thi  Equality  of  Rectilinear  Figures  in  respect  of  Area* 


Tbb  amount  of  space  enclosed  by  a  Fignn  ii  called  the 
Area  of  that  fi(][are. 

Euclid  calls  two  figures  equal  when  they  enoloM  the  lame 
amount  of  space.  They  may  btf^issimilar  in  shape,  but  if  the 
areas  contained  within  the  boundaries  of  the  figures  be  the 
same,  then  he  calls  the  figures  eqwd.  He  regards  a  triangle, 
for  example,  us  a  figure  having  sides  and  angles  and  area,  and 
he  proves  in  this  section  that  two  triangles  may  have  equality 
of  area,  though  the  sides  and  angles  of  each  may  be  unequal. 

Coincidence  of  their  boundaries  is  a  test  of  the  equality  of 
all  geometrical  magnitudes,  as  we  explained  in  Note  1, 
page  14. 

In  the  case  of  lines  and  angles  it  is  the  only  test :  in  the 
case  of  figwres  it  is  a  test^  hut  not  Vie  only  t»it ;  as  we  shall 
shew  in  this  Section. 

The  sign  <■,  standing  between  the  symbols  denoting  two 
figwres^  must  be  read  is  equal  in  airea  to. 

Before  we  proceed  to  prove  the  Propositions  included  in 
this  Section,  we  must  complete  the  list  of  Definitions  required 
in  Book  L,  continuing  the  numbers  prefixed  to  the  definition! 
inpageO. 
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DEFINITIOKa 

XXVII.  A  Parallelogram  is  a 
four-sided  figure  whose  opposite 
sides  are  parallel. 


For  brevity  we  often  designate  a  parallelugram  by  two 
letters  only,  which  mark  opposite  angles.  Thus  we  call  the 
ligure  in  the  margin  the  parallelogram  AG. 

XXVIII.  A  Rectangle  is  a  par- 
allelogram, having  one  of  its  angles 
a  right  angle. 

Hence  by  I.  29,  all  the  angles  of  a  rectangle  are  right 
angles. 


>' 
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XXIX.  A  Rhombus  is  a  par- 
allelogram, having  its  sides  equal 


XXX.  A  Square  is  a  paral- 
lelogram, having  its  sides  equal 
and  one  of  its  angles  a  right 
angle. 


Hence,  by  I.   29,  all  the  angles  of  a  square  are  right 


XXXI.  A  Trapezium  is  a 
four-sided  figure  of  which  two 
sides  only  are  parallel. 


V 


)/ 


XXXIL  A  Diagonal  of  a  four-sided  figure  is  the  straight 
line  joining  two  of  the  opposite  iiniru'nr  !•  itifs. 


\      1 
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XXXIII.  The  Altitude  of  a  Parallelogram  is  the  perpen- 
dicular diatancti  of  cue  of  its  sides  from  the  side  oppuMite, 
regarded  as  the  Base. 

The  altitude  of  a  triangle  is  the  perpendicular  distance  of 
one  of  its  angular  points  from  the  side  opposite,  regarded  as 
the  base. 

Thus  if  ABCD  be  a  parallelogram,  and  AE  a  perpendicular 
let  fall  from  A  to  CD,  AE  is  the  altitude  of  the  parallelogram, 
and  also  of  the  triangle  ACD. 


If  a  perpendicular  be  let  fall  from  B  to  DC  produced,  meet- 
ing DC  in  F,  BF  is  the  ^titude  of  the  parallelogranL 

EXERCISKS. 

Prove  the  following  theorems  : 

1.  The  diagonals  of  a  square  make  with  each  of  the  sides 
tn  angle  equal  to  liulf  a  right  angle. 

2.  If  two  strai^iit  lines  bisect  each  other,  the  lines  joining 
tlieir  extremities  will  form  a  parallelogram. 

3.  Straight  lines  bisecting  two  adjacent  angles  of  a  paral- 
lelogram intersect  at  right  angles. 

4.  If  the  straight  lines  joining  two  opposite  angular  points 
of  a  parallelogram  bisect  the  angles,  the  parallelogram  has  all 
its  sides  equal. 

6.  If  the  opposite  angles  of  a  quadrilateral  be  equal,  the 
Qiuadrilateral  is  a  parallelogram. 

6.  If  two  opposite  sides  of  a  quadrilateral  figure  be  equal  to 
one  another,  and  the  two  renuiining  sides  be  also  equal  to  one 
another,  the  figure  is  a  parallelogram. 

7.  If  one  angle  of  a  rhombus-be  equal  -to  two-thirds  of  two 
right  angles,  the  diagonal  drawn  from  that  angular  point 
divide  the  rhombus  ipto  two  equilateral  triangles^ 
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Proposition  XXXIV.    Thkorem. 

Thi  opposite  sides  and  angles  of  a  pcurallelogram  are  equal  to 
one  anotheVf  and  the  diagonal  biseete  it. 


i  «9 


1.29. 


Let  ABDC  be  a  O,  and  BC  a  diagonal  of  the  O. 
Then  must        AB  ==  DC  and  AC" DB, 
and         L  BAC^  i  CDB,  and  l  ABD^  l  AGD 
and  lABC'maDCB. 

Fat  v  A  Bis  ||  to  CD,  and  BC  meets  them, 

.*.  z  -4BC- alternate  i  DCB  , 
and  '.'  ^C  is  II  to  BD,  and  BC  meets  them, 

.'.  z  ^CB=alternate  i  DBC. 
Then  in  ^b  ABC,  DCB, 

-.'  L  ABC=  L  DCB,  and  z  ACB-^  l  IfBC, 

and  BC  is  common,  a  side  adjacent  to  the  equal  z  s  in  each  ; 
.-.  AB=DCj  and  AC^DB,  and  iBAC^  i  ODB, 

and  A  ABC=  A  DCB.  I.  b. 

Also  •••  z  ^^C^=  z  DCB,  and  l  DBC=ri  ACB, 

.'.  I  s  ABC,  DBC  together  =  z  s  DCB,  ACB  together, 
that  is,  iABD=^lACD. 

*  Q.  E.  D. 

Ex.  1.  Shew  that  the  diagonals  of  a  parallelogram  biseot 
each  other. 

Sx,  %.  Sh^w  t)h^t  the  diagonals  of  a  rectangle  are  eo[iial. 
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Proposition  XXXV.    Thiordi. 

Parallelograms  on  ths  iame  base  arid   bettoeen    ths  same 
paraiUls  are  equai. 


Let  the  Oi  ABCD,  EBCF  be  on  the  lame  hue  BC 
and  between  the  lame  ||s  AFf  BC. 

Tken  mtut  O  ABCD^CJ  EBOF. 
Cask  I.  If  ADf  EF  have  no  point  common  to  both. 
Then  in  the  A  •  FDC,  EAB, 

vextr.  ^^DC-intr.  i  EAB, 
and  intr.  i  DJ'O-extr.  z  AEB^ 
and  DC'mAB, 
,\  lFLC^  lEAB. 

Now  O  ^BCi)  with  L  J7>0-figure  ilBCF ; 
and  O  ^BCi*  with  A  J?^J5- figure  ABOF; 
.-.  O  ulBCD  with  A  FDC'^CJ  EBCF  with  A  J^i;', 
.'.  O  ABCD^CJ  EBCF. 


I.  SO. 
1.80. 
1.34. 
l.»6. 


Cash  IL    If  the   sides    AD^  EF  overlap   one  another 


the  BAine  method  of  proof  applied^ 


I  ■/ 
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Case  III.  If  the  sides  opposite  to  BC  be  terminated  in 
the  same  point  J', 


1.34. 


the  same  method  of  proof  is  applicable, 
but  it  is  easier  to  reason  thus  : 
Each  of  the  £7s  is  double  of  a  BDQ  ; 

.'.  CJ  ABCD=CJ  DBCF. 

Q.  B.  D. 

Proposition  XXXVI.    Theorbil 
Parallelograms    on    equal    hoMSy    and   hetween    Oie    same 
paaralleUf  are  equal  to  one  another. 

jL  ])     M y 


T«r  the  Oa  ABCD,  EFQH  be  on  equal  bases  5(7,  FG^ 
and  between  the  same  lis  ^H,  BG. 

Then  mmt  O  ABCD^CJ  EFGH. 
Join  BE,  CH. 
Thwi  •.•  BC^FG, 

and  EH^FG ; 
.'.BC^EH; 
axid  BO  ia^  to  EM. 
.'.  EB  is  II  to  CH  ; 
.'.  EBGH  is  a  parallAlogram. 
Now  O  EBCH=  UABCDy 

V  thej  are  on  the  same  base  BG  and  between  the  same  ||s  ; 

&nd  CJEBCH^CJEFGH,  1.35. 

V  '^tj  are  on  the  same  base  EH  and  between  the  same  ||s  , 

,\0  ABCD  =^0  EFGH. 


Hyp. 
1.34. 

Hyp. 
1.33. 

1.35. 
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Proposition  XXXVI  I.    Theorem. 

'Trtangles   upon    the    same    hose,    and   between    the   sam* 
parallels,  are  equal  to  one  another. 


same 


S 


Let  AS  ABO,  DBC  be  on  the  same  base  BC  and  between 
the  same  ||8  AD^  BC. 

Then  must  A  ABG^  a  DBC. 

Frim  B  draw  BE  H  to  CA  to  meet  DA  produced  in  E. 
From  C  draw  CF  ||  to  BD  to  meet  AD  produced  in  F. 

Then  EBCA  and  FCBD  are  parallelograms, 

md  CJ EBCA^CJ FCBD,  1.36. 

'.'  they  are  on  the  same  base  and  between  the  same  ||8. 

Now  A  ABC  is  half  of  O  EBCA,  I.  34. 

and  A  DBC  is  half  of  O  FCBD ;   ,  I.  34. 

,        .:  aABC^lDBC.  Ax.  7. 

Q.  E.  D. 

1^'x.  1.  If  P  be  a  point  in  a  side  AB  of  a  parallelogram 
ABCD,  and  PC,  PD  be  joined,  the  triangles  PAD,  PBCare 
logether  equal  to  the  triangle  PDC. 

Ex.  2.  If  ^,  5  be  poihts  in  one,  and  C,  D  points  In 
another  of  two  parallel  straipfht  lines,  and  the  lines  AD,  BC 
inteisect  in  E.  tlif^ii  the  triangles  AEC,  BED  are  rqnal. 


f>4 


it^ctit^s  ktkMkNt^ 
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Proposition  XXXVIII.    Theorru. 


Triangles  vpon  equai  hatest  and  between  the  tarn*  paraUeU, 
are  eguai  to  one  another. 


\ 
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Let   AS  ABCy  DEF  be  on  equal  bases,  BC,  EF^  and 
between  the  same  ||s  BFy  AD, 

Thm  must  L  ABC'^  lDEF. 

From  B  draw  BO  ||  to  OA  to  meet  DA  produced  in  O. 

From  F  draw  FH  U  to  ED  to  meet  AD  produced  in  B. 

Then  CO  and  EH  are  parallelograms,  and  they  are  equal, 

'.'  they  are  on  equal  bases  £C,  EF^  and  between  the  same 

1.36 


Is  BFf  OH. 


Now  A  ABO  is  half  of  O  CO, 
and  AD^jPishalfofO^H; 
.'.  L  ABC"  L  DEF. 


Ax.  7. 
q.  E.  a 


Ex.  1.  Shew  that  a  straight  line,  drawn  from  the  vertex 
of  a  triangle  to  bisect  the  base,  divides  the  triangle  into  two 
equal  parts. 

Ex.  2.  In  the  equal  sides  AB^  AC  of  an  isosceles  triangle 
ABC  points  D,  ^  are  taken  such  that  BD^AE.  Shew  that 
the  triangles  CBDt  ABE  are  equal.  .     ,. 


^ 


g 


'^y'-ar/Btayrr'*-  •? 


ftf*M'*».»"  'f^BViOMftfK^ 
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Proposition  XXXIX.    Theorem. 

EqtuU  tria/ngles  uiion  the  same  base,  and  upon  the  tame  ndA. 
oj  tf,  a/rt  between  the  same  parallels. 


Let  the  equal  a  s  ASG,  DBG  be  on  the  same  base  BCf  anJ 
on  the  same  side  of  it.  # 

Join  AD. 

Then  must  AD  he  \[  to  BO. 

For  if  not,  through  A  draw  ^  0  H  to  BG,  so  as  to  meet  BD, 
01  BD  produced,  in  0,  and  join  OG. 

Then  '.'  as  ABG,  OBG  aie  on  the  same  base  and  between 
the  same  ||s, 

:.£iABG=i^OBG.  L  37. 

But  lABG'^c.DBG;  Hyp. 

.*.  A  050=  /\  DBG, 
the  less-athe  greater,  vrhich  is  hnpossible  ; 
.'.  ^Ois  not  II  to  BG. 
In  the  same  way  it  may  be  shewn  that  no  other  line  passing 
through  A  but  AD  is  ||  to  BG ; 

..-.  ^Disji  to£G 

Q.  E.  D. 

E*.  1.  AD  is  parallel  to  BG ;  AG,  BD  meet  in  ^ ;  BC  is 
produced  to  P  so'  that  the  triangle  FEB  is  equal  to  the 
triangle  ABG :  shew  that  PD  is  parallel  to  AG. 

Ex.  2.  If  of  the  four  triangles  into  which  the  diagonals 
divide  a  quadrilateral,  two  opposite  ones  are  equal,  the  qua^ 
rilateral  has  two  opposite  sides  parallel. 

•.IB.  6 


/ 
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Pkoposition  XL.    Theorkk. 

Eqwd  triangles  upon  equal  hases^  in,  Ike  same  straight  line, 
and  iofwairds  Oie  samej/a^ts,  are  between  Ihe  same  pa/rdUels. 


Let  the  equal  ^s  ABO^  DBF  be  on  equal  bases  BO,  EF 
in  the  same  st^  line  BF  and  towards  the  same  parts. 

Join  AD. 

Then,  must  AD  he  0  to  BF. 

For  if  not,  through  A  draw  A0\\  to  BF^  so  as  to  meet  ED^ 
or  ED  produced,  in  0,  and  join  OF, 

Then  A  ABC"  A  OEFf  '.'  they  are  on  equal  bases  and 
between  the  same  ||s.  .       L  38. 

But  lABG^£^DEF\  Hyp. 

.'.  lOEF^  tiDEFy 
i»the  greater,  which  is  impossible. 
€I^^OisnotDto£^. 
In  the  same  way  it  may  be  shewn  that  no  other  line  passing 
through  ^  but  ^D  is  II  to  BF, 

.'.  -4D  is  II  to  £^. 

Q.  B.  D. 

Ex.  1.  The  straight  line,  joining  the  points  of  bisection  of 
two  sides  of  a  triangle,  is  parallel  to  the  base,  and  is  equal  to 
half  the  base. 

Ex.  2.  The  straight  lines,  joining  the  middle  points  of  i£b» 
sides  of  a  triangle,  divide  it  into  four  equal  triangles. 


\ 


\ 
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Proposition  XLI.    Thkoreu. 

If  a  parallelogram  and  a  triangle  be  upon  the  mme  base,  and 
bdween  the  same  pa/ralUU,  the  'parallelogram  is  dovhU  of  the 


Let  the  O  ABCD  and  the  a  EBO  be  on  the  same  baae  BO 
and  between  the  mxm  \\%  AE,  BC. 

Tlien  must  O  ABCD  be  double  of  a  EBC, 

Join  A  0. 

Then  lAB(J^  tkEBOf  ','  they  are  on  the  same  base  and 
between  the  same  Us  ;  I.  37. 

and  O  ABCD  it  double  of  A  ABO,  •/  AG  is  a  diagonal  of 

ABCD\  L34. 

.'.  O  ABCD  is  double  ol  a  EBC. 


^i-jS 


Q.  E.  D. 


Ex.  1.  If  .from  a  point,  without  a  parallelogram,  there  be 
drawn  two  straight  lines  to  the  extremities  of  the  two  opposite 
sides,  between  which,  when  produced,  the  point  does  not  lie, 
the  difference  of  the  triangles  thus  formed  is  equal  to  half  the 
paraUelogram. 

Ex.  ^j.  The  two  triangles,  formed  by  drawing  straight  lines 
from  any  point  within  a  parallelogram  to  the  extremities  of 
its  opposite  sides,  Are  together  half  of  the  parallelogram. 
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PftOP08iTioN  XLII.    Problem. 

To  a'Kcnhe  *t,  pn/rnUefonrdm,  that  shall  be  etpial  to  a  given 
trianglef  an<-  ficwa  one  vj'  Us  amjIeH  tqual  to  a  yivm  angle. 


Lio. 
L23. 


Let  A  no  he  the  given  a  ,  and  D  the  given  z . 
It  ii  rmiuiii'il  to  ^"Scribe  a  O  equal  to  a  ABC,  haviiig  one 
ofitB  li^  iJj. 

Bisect  BO  in  E  and  join  AE. 
At  E  make  z  CEF=  l  D. 
Draw  AFQ  ||  ro  BO,  and  from  G  draw  CG  \\  to  EF, 
Tlit»n  FEOG  is  a  parallelogram. 

Now  A^^J3-A^i;0, 
'.'  they  are  on  tqual  baMcs  and  between  the  same  ils. 
.:  LABO\n,  double  of  a  AEC. 
But  O  FE€0  is  double  of  a  AEG, 
V  they  ftre  oa  same  base  and  between  same  t|s. 
.-.IDFEGG^hABG, 
and  O  FEOQ  has  one  of  its  z  s,  CEJ'^  z  D. 
,'.  O  FEOQ  has  been  described  as  was  reqd. 

Q.  E.  F. 

Ex.  1,  Describi  a  triangle,  which  shall  be  equal  to  a  given 
parallelogram,  and  have  one  of  its  angles  equal  to  a  given 
rectilineal  angle, 

Ex.  2.  Constniefc  a  iKtrallelogi'am,  equal  to  a  given  triangle, 
and  such  that  the  stnn  of  ha  sides  shall  be  equal  to  the  sum 
of  the  sides  of  the  triangle. 

Ex.  3.  The  perimeter  of  an  isosceles  triangle  is  greater  than 
the  perimeter  of  a  rectangle,  which  is  of  the  same  altitude 
-jyitbf  and  e^ual  tO|  tbe  ^ven  triangle. 


1.38. 


1.41. 
Ax.  6. 
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Propostttox  XLIII.    Theorem. 

The  complements  of  the  paralleloijrams,  which  are  about 
the  diameter  of  any  parallelogram,  are  equal  to  one  another. 


Let  ABCD  be  a  O,  of  which  BD  is  a  diagonal,  and 
EG,  HK  the  Os  about  BD,  that  is,  through  which  BD 
passes, 

and  AF,  FC  the  other  Os,  which  make  up  the  wliole 
figure  ABCD, 

{ind  which  are  .'.  called  the  Complements. 

Then  must  complement  AF==comjilement  FO. 

For  '.'  BD  is  a  diagonal  of  O  A  C, 

.-.  /^  ABD=  A  CDB  ;    > 
and  •.*  BF  is  a  diagonal  of  O  HK, 

..  £^  HBF=hKFB', 
and  •.'  FD  is  a  diagonal  of  O  EG, 
.'.  aEFD=aGDF 
Hence  sum  of  as  HBF,  EFD =snm  of  as  K^FB,  GDF. 
Take  these  equals  from  as  ABD,  CDB  respectively, 

then  remaining  O  -4  J'=  remaining  O  FG.         Ax.  3. 

Q.  E.  D. 

Ex.  1.  If  through  a  point  0,  within  a  parallelogram 
ABCD,  two  straight  lines  are  drawn  parallel  to  the  sides, 
and  the  parallelograms  OB,  OD  are  equal ;  the  point  0  is 
in  the  diagonal  AC. 

Ex.  2  ABCD  is  a  parallelogram,  AMN  a  straight  line 
meeting  the  sides  BC,  CD  (one  of  them  being  produced)  in 
Af,  ^.  Shew  that  the  triangle  MBN  is  equal  to  the  trian^  e 
MDQ. 


1.34. 


1.34. 


1.34. 
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Proposition  XLIV.  '  Problem. 

To  a,  given  straight  line  to  apply  a  parallelogram^  whieh 
shall  he  eqiial  to  a  given  triangle,  and  have  one  of  its  angles 
equal  to  a  given  angle. 


a.      2^  L 

Let  AB  be  the  given  st.  line,  C  the  given  a,  D  the 
ijiven  L. 

It  is  required  to  apply  to  AB  a  EJ  =  aC  and  ha/oing  one 
of  its  18=  I  D. 

Make  a  ZZ7=s  A  0,  and  having  one  of  its  angles »  i  D,    I.  42. 

atid  suppose  it  to  be  removed  to«uch  a  position  that  one  of 
the  sides  containing  this  angle  is  in  the  same  st.  line  with  AB, 
and  let  the  O  be  denoted  by  BEFG. 

Produce  FG  to  H,  draw  AH  II  to  BG  or  EF,  and  join  BH. 
Then  •.*  FH  meets  the  (s  AH,  EF, 

.'.  sum  of  z  8  AHF,  HFE =two  rt.  z  s  ;  I.  29. 

.'.  sum  of  z  s  BHG,  HFE  is  less  than  two  it.  ^  s  ; 
.*.  HB,  FE  will  meet  if  produced  towards  B,  E.  Post.  6. 


Let  them  meet  in  K. 


1. 


•    Through  K  draw  KL  II  to  EA  or  FH, 
and  produce  HA,  GB  to  meet  KL  in  the  pts.  Ti,  M. 
Then  H^FKL  is  a  O,  and  HK  is  its  diagonal ; 
and  AG,  ME  are  Os  about  HK, 
.*.  complement  jBZf= complement  BFy  I.  ',i^^ 

,    .'.CJBL^aG. 
Also  the  O  BL  has  one  of  its  i  s,  ABM^  L  EBG^  ^nd 
.*.  equal  to  z  D. 


r 

e 


III  I  If  Ti  «n<<SiiiliiBi^ 


AB, 

BH. 

I.  29. 


I.  '^'■ 
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Proposition  XLV.    Problbm. 

To  detcribs  a  ^rallelogram,  which  shall  he  eqiial  to  a 
given  rectilinear  Jigure,  and  have  one  of  He  angles  equal  to  a 
given  angle. 

^  JL 


Let  ABCD  be  the  given  rectil.  ftgure,  and  E  the  given  I , 
It  is  required  to  describe  a  CJ  >»  to  ABOD,  hoflivtiq  on* 
ofitsLs^iE. 

Join  AO. 
Describe  a  O  FGHK^  a  ABO^  having  i  FKH^  L  E. 

I.  42. 
To  GH  apply  a  O  GHML'^  a  CDA,  huvhi;;  z  OHM"  l  E. 

I.  44. 
Then  FKML  ia  the  £7  req*). 
For  •.•  i  GEM  and  z  l^^ff  are  each-  i  M  ; 
-       .'.  iGHMm^iFKH, 
.'.  siini  of  z  s  GHM,  GifJC-Bura  of  z  b  FKH,  GHK 

*two  rt.  z  s  ;  I.  29. 

.*.  KHM  is  a  st.  line.  I.  14. 

Again,  •.•  HG  meets  the  ||s  FG.  KM, 
,  ;  iFGH'^ifiHM, 
.*.  sum  of  z  s  FGH,  XG/f-sum  of  z  s  GlJf  Af,  lOlf 

_tvo  rt.  z  •  J  I.  29. 

.'.  FGL  is  a  st.  line.  I.  14. 

Then  •.•  ITJ*  is  fl  to  HG,  and  HGImJH  to  LM 

.'.  XJ*  is  II  to  LM ', 
and  KM  has  been  shewn  to  be  ||  to  FLf 

.'.  FKML  is  a  parallelogram, 
and  •.•  FH-^  a  ^B(7,  and  GM'^  A  ODil, 

.-.  O  fM- whole  rectil.  fig,  ABOD^ 
and  O  FM  has  one  of  its  i  »,  FKM^  i  B. 
In  the,  same  way  a  O  may  be  oonstructed  equal  to  a  given 
rectil.  fig.  of  any  number  of  sides,  and  having  one  of  iti  angjea 
equal  to  a  given  angle.  Q..  K  r. 


1.30. 
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MUeellaneoui  ExeroUn. 


' 


1.  Ir  one  diagonal  of  a  quadrilateral  bisect  the  other,  it 
divides  the  quadrilateral  into  two  equal  triangles. 

2.  If  from  any  point  in  the  diHgonal,  or  the  diagonal  pro- 
duced, of  a  parallelogram,  straight  lines  be  drawn  to  the 
opposite  angles,  they  will  cut  off  equal  triangles. 

3.  In  a  trapezium  the  straight  line,  joining  the  middle 
points  of  the  parallel  sides,  bisects  the  trapezium. 

4.  The  diagonals  AGj  BD  uf  u  parallelogram  intersect  in 
0,  and  P  is  a  point  within  the  triangle  AOB  ;  prove  that  the 
difference  of  the  triangles  CPD^  APn  is  equal  to  the  sum  of 
the  triangles  APG,  BPD. 

6.  If  either  diagonal  of  a  parallelogram  be  equal  to  a 
side  of  the  figure,  the  other  diagonal  shall  be  greater  than 
any  side  of  the  figure.  y 

6.  If  through  the  angles  of  a  parallelogram  four  straight 
lines  be  drawn  parallel  to  its  diagonals,  another  parallelogram 
will  be  formed,  the  area  of  which  will  be  double  that  of  the 
original  parallelogram. 

7.  If  two  triangles  have  two  sides  respectively  equ,il  and 
the  included  angles  supplemental,  the  triangles  are  equah 

8.  Bisect  a  given  triangle  by  a  straight  line  drawn  from 
II  given  point  in  one  of  the  sides. 

9.  The  base  AB  of  a  triangle  ABC  is  produced  to  a  point 
D  such  that  BD  is  equal  to  AB,  and  straight  lines  are  drawn 
from  A  and  D  to  E,  the  middle  point  of  BC ;  prove  that  the 
triangle  ADM  is  equal  to  the  triangle  ABC.  \ 

lu.  Prove  that  a  pair  of  the  <li.i<.'""  ''-^  of  ilie  parallelograms, 
M  liich  :irp  about  the  dianieter  of  any  para' lelogram,  are  paralla) 
to  eai'li  o!l ' ". 
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Proposition  XLVI.    Problek. 
To  dM<Tt(«  a  «gua7'(i  wpon  a  (jftven  ttraigM  Um, 


Let  ^JB  be  the  given  st  line. 
Jl  M  required  to  descriJbe  a  square  on  AB, 
From  A  draw  AC  i.  to  -4B. 

In  ^Omake  ^JD=^^. 
Through  D  draw  D^  II  to  AB. 
Through  B  draw  BE  ji  to  ^i>. 
Then  AE  is  a  parallelogram, 
^     and .-.  AB'-ED,  and  AD^BB, 
Bat  Aia»  AD; 

.'.  il£,  £^,  ED,  D^  are  all  equal 
.*.  AE  is  equilateral. 
And  I  BAD  is  a  right  angle, 
■*.  AE  is  a  square, 
and  it  is  described  on  AB. 


L  11.  CJor. 

131. 
L31. 

1.34. 


Belxzx. 


Q.  B.  p. 


Ex.  1.  Shew  how  to  construct  a  rectangle  whose  rides  are 
equal  to  two  given  straight  lines. 

Ex.  2.  Shew  that  the  squares  on  equal  straight  lines  are 
equal. 

Ex.  8.  Shew  that  equal  squares  must  be  on  equal  itnlght 
tinea. 

Note.  The  theorems  in  Ex.  S  and  3  are  Mvomed  by  Bniiid 
in  the  proof  ol  Prop.  xiiTiii. 
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Proposition  XLVII.    Theorem. 

/»  any  right-angled  triangle  the  sqv^re  which  i$  described  on 
the  side  iubtending  the  right  §ngle  ia  equal  to  the  egruwes 
deecribed  on  the  aides  which  coiitain  the  right  angle. 


/ 


Let  ABC  be  a  right-angled  A ,  having  the  rt.  z  BAC. 
Then  must  sq.  on  BO  mm  aiwm,  of  sqq.  on  BA,  AG. 
On  BG,  GA,  AB  descr.  the  sqq.  BDEG,  GKHA,  AQFB 
Through  A  draw  AL  ||  to  BD  or  CE,  and  join  AD,  FG. 
Then  '.'.  i  BAG  and  i  JRAG  are  both  rt  z  s, 
.'.  GAOina,  St.  line ; 


and  '.*  I  BAG  and  z  GAB  are  both  rt  z  8  t 


1.14 


I.  14. 


.'.  BAH  is  a  St.  line. 

Now  •.•  z  DBG=  L  FBAf  each  being  a  rt.  z  , 

adding  to  A«<:h  i  ABG,  we  have 

lABD=^iFBG.  Ax.  2. 

Then  in  As  ABB,  FB^y 

'.'  AB=^FB,  and  BD^BG,  and  z  ABD^  i  FBG, 

.'.  Ajrtn^i^FBG.  1.4. 

No;y  O  BL  \H  double  of  lABD,  on  same  base  BD  and 

between  same  || s  AL,  B^  I.  411 

and  gq.  BQ  is  double  s^  ^FBG,  on  same  base  FB  a,nd  he- 

twwn  wme  \\a  FBf  OG  i!^  1.41. 

,-,  P3  «J^=sq   BO 


itv-  I  ^iHin  i j  ftrriinif 
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Similarly,  by  joining  AE^  BK  it  may  b«  ibfwn  tU| 
O  OX-iq.  AK. 

Now  iq.  on  £0-ium  of  O  £X  and  £7  C£» 
Mium  of  sq.iBO  and  tq.  AK, 
■■•am  of  sqq.  on  BA  and  il(7. 

Ex.  1.  Prove  that  the  square,  described  upon  the  'diagonat 
of  any  given  square,  is  er'ual  to  twice  the  given  square. 

Ex.  2.  Find  a  line,  the  square  on  which  shall  be  equal  to 
the  sum  of  the  squares  on  three  given  straight  llnei. 

Ex.  3.  If  one  angle  of  a  triangle  be  equal  to  the  sum  of 
the  other  two,  and  one  of  the  sides  containing  this  angle  being 
divided  into  four  equal  parts,  the  other  contains  three  of  those 
parte ;  the  remaining  side  of  the  triangle  contains  Ave  such 
parts. 

Ex.  4.  The  triangles  ABQ,  DBF,  having  the  anglee  ACB. 
DFE  right  angles,  have  also  the  pides  AB,  ^(7  equal  to  DJS, 
DFf  each  to  each ;  shew  that  the  triangles  are  equal  In  evety 
respect 

NoTB.  This  Theorem  has  been  already  deduoed  M  A  Oo- 
rollary  firom  Prop.  E,  page  43. 

Ex.  5.  Divide  a  given  straight  line  into  two  parts,  so  that 
the  square  on  one  part  shall  be  double  of  the  square  on  the 
other. 

Ex.  6.  If  from  one  of  the  acute  anglee  of  a  right-angled 
triangle  a  line  be  drawn  to  the  opposite  side,  the  squares  on 
that  side  and  on  the  line  so  drawn*  are  together  equal  to  the 
sum  of  the  squares  on  the  segment  adjacent  to  the  right  angle 
and  on  the  hypotenuse. 

Ex.  7.  In 'any  trinngle,  if  a  line  be  diawn  from  the  vertex  at 
right  angles  to  tlie  Imse,  the  difference  between  the  squares  on 
the  sides  is  equal  to  the  difference  between  the  squares  on  the 
Mgments  of  the  base. 
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Proposition  XLVIIL    Theorem. 

If  <fc«  ii^uvtt  described  upon  one  of  the  tides  of  a  triangle  he 
equal  to  the  squares  described  upon  the  otJier  tu)o  sides  of  it^  the 
angU  cofUmned  by  ihose  sides  is  a  right  <mgle. 


Let  the  sq.  on  £0>  a  side  of  a  ABC,  li«  eqiial  to  the  sum  of 
the  sqq.  on  AB^  AC 

Then  must  l  BA C be  art.  angle. 
From  pt.  A  draw  AD ±  to  AC.  \  I.  11. 

Make  AD=AB,  and  join  DC, 
Then  vAD=AB, 

.'.  sq.  on  -4i)=8q.  on  AB ;        L  46,  Ex.  J. 
add  to  each  sq.  ou  AC. 
then  sum  of  sqq.  on  AD,  AC=a\xm  of  sqq.  on  ABf  AC. 
But  •.'  /  DAC  is  a  rt.  angle,^ 

.'.  sq.  on  I>C'=sum  of  sqq.  on  AD,  AC;         I.  47. 
and,  by  hypothesis, 

sq.  on  5(7=  sura  of  sqq.  on  AB,  AC ; 
.*.  sq.  on  DC=m.  on  BC ; 

.-.  DO^hC.  I.  46,  Ex.  3. 

Then  in  as  ABC,  ADC, 

•.•  AB=AD,  and  ACh  common,  and  BC=DC, 

,\  lBAC^^  lDAC\  La 

and  L  DAC  is  a  rt.  angle,  by  construction  ; 

.'.I  BAC  is  a  rt.  angle. 

Q.  M.  CU 


■A, 
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INTRODUCTORY  REMARKS. 

The  geometrical  figure  wityp^which  we  are  chiefly  concerned 
in  this  book  in  the  Rectanqle.  A  rectangle  is  said  to  be  eon- 
tmned  by  any  two  of  its  adjacent  sides. 

Thus  if  ABCD  be  a  rectangle,  it  is  said  to  be  contained  "by 
AB,  ADf  or  by  any  other  pair  of  adjacent  sides. 


B  C 

We  shall  use  the  abbreviation  red.  AB,  AD  to  express  the 
words  "  the  rectangle  contained  by  AB,  AD." 

We  shall  make  frequent  use  of  a  Theorem  (employed,  but  not 
demonstrated,  by  Euclid)  which  may  be  thus  stated  and  proved . 

Proposition  A.    Theorem. 
If  the  adjacent  sides  of  one  rectangle  he  equal  to  the  adjacent 
sides  of  another  rectangle,  ea^h  to  each,  the  rectangles  are  equal 
in  area. 
Let  ABCD,  EFGH  be  two  rectangles  : 

and  let  AB^HF  and  BC^FG. 


r         ^  a 

'^  Then  must  rect.  ABGD=rect.  EFGH. 
For  if  the  rect.  EFGH  be  applied  to  the  rect.  ABCD,  so 
that  EF  coincides  with  AB, 
then  FG  will  fall  on  BC, '.   z  EFG=  l  ABC, 

,  and  G  will  eoincide  with  C,  v  BC=FG. 
Similarly  it  may  be  shewn  that  H  will  coincide  with  D, 
.*.  rect.  EFGH  coincides  with  and  is  therefore  equal  to  rect 
J£CD.  Q.  E.  o. 
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Proposition  I.    Theorem. 

If  there  be  two  straight  lines,  one  of  which  is  divided  into 
any  number  of  parts,  the  rectangl&^ontained  by  the  two  straight 
lines  is  equal  to  the  rectangles  contained  by  the  undivided  line 
and  the  ieveral  parts  of  the  divided  line. 


0  / 

Let  AB  and  CD  be  two  given  st.  lines, 
and  let  CD  be  divided  into  any  parts  in  E,  F. 

Then  must  red.  AB,  CD = sum  of  rect.  AB,  CE  and  rect. 
AB,  EF  and  rect.  AB,  FD. 

From  C  draw  CG  ±  to  CD,  and  in  CO  make  CH=AB. 
Through  H  draw  HM  \\  to  CD.  I.  31. 

Through  E,  F,  and  D  draw  EK,  FL,  DM  \\  to  CH. 
Then  EK  and  FL,  being  each=Cir,  are  each=-4JB. 

Now  CM=  sum  of  CK  and  EL  and  FM. 
And  OM=rect.  AB,  CD,        '.•  CH=AB, 

CK=Tect.  AB,  CE,         v  CH=AB, 

EL=Tect.  AB,  EF,        •.'  EK=AB, 

FM=^rect  AB,  FD,        vFL=AB', 

.:  rect.  AB,  CD  =  sum  of  rect.  AB,  CE  and  rect.  AB,  EF 
and  -ect.  AB,  FD. 

Q.  E.  D. 

Ex,  If  two  straight  lines  be  each  divided  into  any  number 
of  parts,  the  rectangle  contained  by  the  two  linos  is  equal  to 
the  rectangles  contained  by  all  the  parts  of  the  one  taken 
separately  with  all  the  parts  of  the  other. 


:1 
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Proposition  IL    Thboreii. 

jy  a  airaight  line  he  divided  into  any  two  parts,  the  rectangles 
contained  by  the  whole  and  each  of  the  parts  are  together  tquaJi 
io  the  square  on  the  whole  line. 


3 


1.46. 
1.31. 


2)  F     1^ 

Let  the  st.  line  AB  be  divided  into  any  tw  o  parts  in  (X 

Then  rnvst 

sq.  on  AB^sum  of  reel  AB,  AC  and  red.  AB,  CR 

On  AB  describe  the  sq,  ADEB 
Through  Odraw  CF  Ii  to  AD. 
Then  AE=mi\\  of  AF  and  CE. 
Now  AE\s  the  sq.  on  AB, 

AF^rect.  AB,  AG,        :'  AD=AB, 
CE=rect  AB,  CB,         V  BE=AB, 
,'.  sq.  on  -4ii=suiu  .  f  rect.  AB,  AG  and  rect.  AB,  CB. 

Q.  E.  D. 

Ex.  The  square  on  a  straight  line  is  equal  to  four  times  the 
square  on  half  the  line.        ^,    - 
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Proposition  III.    Theorem. 

If  a  straight  lin^  be  divided  int6  any  two  parts,  the  recta/ngie 
eontaitud  by  the  whole  and  one  of  the  parts  is  equal  '  ■>  the  rect  ■ 
angle  contained  by  the  two  peurts  together  with  the  sqiUMre  on  tht 
aforetaidpart. 


w 


\ 


-1 


Let  the  st.  line  AB  be  divided  into  any  two  parts  ii.  O. 

Then  must 

rect,  AB,  CB==8um  of  rect.  AC,  GB  and  sq.  on  CB. 

On  CB  describe  the  sq.  CDEB.  I.  46 

From  A  draw  AF  ||  to  CD,  meeting  ED  produced  in  F. 

Then  ^JS;==8um  of  AD  and  CE. 
Now  ^^= rect.  AB,  CB,     -.'  BE^ CB, 
AD^rect.  AC,  CB,        v  CD^CB, 
CE=aq.  on  CB. 
.'.  rect.  AB,  CB=sum  of  rect.  AC,  CB  and  sq.  on  CB,      -y^ 

Q.  E.  D. 

Note.  When  j,  straight  line  is  cut  in  a  point,  the  distances 
of  the  point  of  se  ^tion  from  the  ends  of  the  line  are  called  t]i(s 
segments  of  tlie  lint. 

If  a  line  ^B  be  divi  ^.ed  in  C, 
AC  and  CB  are  called  the  internal  segments  of  AB 

If  a  line  AC  he  produced  to  B, 
AB  and  CB  are  called  the  external  segments  of  AC 


sq 
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Propo»itton  IV.    Theorem. 

If  a  straight  line  he  divuled  into  any  two  parts,  the  tquare 
on  tJie  whole  line  is  equal  to  the  squa/rea  on  the  two  parts  together 
iv^ih-  iivice  the  rectangle  contadned  by  the  parts. 


H 


a      H 

Let  the  st.  line  AB  be  divided  into  any  two  parts  in  G. 
ThenmvM 
*g.  on  AB=sum  of  aqq,  on  AC,  CB  and  twice  red.  AC,  GB. 

On  AB  describe  the  uq.  ADEB.  I.  46. 

From  AD  out  oiX  AH  "OB.    Tlien  ffD=^C. 
Draw  Ca  ||  to  AD,  Jind  HK  \\  to  AB,  meeting  CO  in  F. 

Then  •.'  BK^AH,      .'.  BK=  CB,  Ax.  i. 

.-.  BK,  KF,  FC,  CB  are  all  equal  ;  and  KBC  is  a  rt.  i  ; 

.'.  CK  18  the  sq.  on  CB.  Def.  xxx. 

Also  -ff(?= sq.  on  -4 C,        '. '  HF  and  flD  each -^ (7. 
Now  jiJ^-mim  of //(?,  CiT,  .42^,  2*'^, 
AE^sq.  on  J.B, 


and 


ir<?=sq.  on  AG, 
CK:=»8q.  on  CB, 
^i?'=rect.  AG,  GB, 
FE-=TeQt.  AC,  GB, 


V  CF-mCB, 

V FG^AC B.ndi  FK^CB. 


,\  sq.  on  ^J5"-8um  of  sqq.  on  AG,  CB  and  twice  rect.  AC,  CB. 

Q.  E.  D. 


Oi, 


Ex.  In  a  triangle,  whose  vertical  angle  is  a, right  angle,  a 
straight  line  is  drawn  from  the  vertex '  'perpendicular  to  the 
base.  Shew  thut  the  rectangle,  cnnttiiiipr)  by  the  segments  of 
ihe  base,  is  equal  to  the  iquare  on  the  perpendicular. 
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Proportion  V.    Thborbm. 

If  a  ttraight  line  be  divided  into  two  equal  parts  and  also 
into  two  unequal  jmrt$,  the  rectangle  contained  by  the  unequal 
parts,  togf^her  with  the  tquwre  on  the  lint  between  the  points  of 
section^  i»  equal  to  the  iqua/re  on  half  the  line. 


(^     jp 


Let  th«  »t,  line  AB  be  divided  equally  in  C  and  uneqTially 
rnD. 

Thenrmut 

reet,  AD,  JDS  together  with  sq.  on  CD^sq.  on  CB. 

On  OB  diioribe  the  sq.  CEFB.  L  46. 

Draw  DO  \\  to  €E,  and  from  it  cut  off  DH=DB.  I.  31. 

Draw  HLK  ||  to  AD,  and  AK  ||  to  DH.  I.  31. 


Tlien  rect.  DF '^mct.  AL, 
Alio  £0«ifiq,  on  OD, 


vBF^AC,mdBD==CL. 
vLH^    O,  and  HG=GD. 


Then  reot.  AD,  DB  together  with  i%  Mt  CD 
^AH  toggther  with  L0 
—sum  of  AL  and  CH  mjII  LQ 
■  sum  of  DF  and  CH  and  LG 

»iq.  on  CB, 


Q.  E.  D. 


I. 
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Proposition  VI.    Theorem. 

If  a  straight  line  be  bisected  and  produced  to  any  point,  the 
rectangle  contained  by  the  whole  line  thus  produced  and  the }  art 
of  it  produced,  together  with  the  square  on  half  the  line  bisected, 
is  equal  to  the  square  on  the  straight  line  which  is  made  up  of 
the  half  and  the  part  produced. 
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Let  the  st.  line  AB  be  bisected  in  0  and  produced  to  D. 

Then  must  ■ 

rect.  AD,  DB  together  with  sq.  on  CB=sq.  on  CD. 

On  OD  describe  the  sq.  CTEFD.      '  I.  46. 

Draw  ^G'  II  to  CE,  and  cut  off  BH=BD.  I.  31 

Through  fl^draw^LA^  II  to  ^D  1.31. 
Through  A  draw  AK  \\  to  CE. 

Now  •••  BG  =  ODcand  BH==BD ; 

'^       .\HG=CB;  Ax.  a 

.•.rect.  MO  =  rect.  ^i.  IT.  a. 

Then  rect.  AD,  DB  together  with  sq.  on  CB 
=  suin-of  ^Mand  LG 

* 

=  sum  oi  AL  and  CM  and  LG 
=sum  of  MG  and  CM  and  LG 
==CF  .  . 

»sq.  on  CD. 
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Note.  We  here  give  the  proof  of  an  important  theorem, 
which  if  usually  placed  as  a  corollary  to  Proposition  V. 


Proposition  B.    Theorkm. 

The  difference  between,  the  squares  on  any  two  straight  lines 
xs  equal  to  the  rectangle  contained  by  the  sum  and  difference  of 
those  lines. 


Let  AO^  CD  be  two  st.  lines,  of  which  AC  is  the  gieater, 
and  let  thein  be  phiccd  so  as  to  form  one  st.  line  AD. 
Produce  AD  to  B,  making  CB=^AG. 
Then  -4D==the  sum  of  the  lines  AC^  CD, 
and  D-B=the  difference  of  the  lines  AC,  CD. 
Then  must  difference  between  sqq.  on  AC,  CD = red.  AD,  DB. 
On  OB  describe  the  sq.  CEFB.  1.  46. 

Draw  DG  \\  to  (7E,  and  from  it  cut  off  DH^DB.  I.  31. 

Draw  HLK  \\  to  AD,  and  AK  \\  to  DH  I.  31. 

Then  rect.  D2''=rect.  AL,  .'BF=AC,  and  BD=  CL. 
Also  LQ = sq.  on  CD,     -.'  LH=  CD,  and  HQ = CD. 
Then  dfference  between  sqq.  oa  jhC,  CD 

= difference  between  sqq.  on  CB,  CD 

=anm  of  CH  and  DF 

=sum  of  CH  and  AL 

=AH 

=rect.  AD,  DH 

=rect.  AD,  DB. 

Q.  K.  D. 

Ex.  Shew  that  Propositions  V.  and  VI.  might  b»;  deduced 
from  this  Proposition. 
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PftoposiTioN  VII.    Tbborkm. 

0  a  straight  line  be  divided  into  any  huo  pa/rtSf  the 
sqtwres  on  the  xohole  line  and  on  one  of  the  itartt  a/re  eqiial 
to  twice  3  rectangle  contained  by  the  whoU  a/nd  that  part 
together  with  the  square  on  the  other  pa/rt. 


Let* AB  be  divided  into  any  two  parts  in  0, 
Th0tt  must 
aqq.  on  AB^  BC=tunce  red.  AB,  BC  toge.thr  with  sq.  on  AC. 
OnAB  describe  the  sq.  ADiJB.  I.  46. 

From  AD  cut  oflf  ^il=  CB. 

Draw  Ci^  II  to  AD  and  HGK  ||  to  A  B.  I.  31. 

Then  Hi'=8q.  on  AC,  and  CK'^nq.  on  CB. 

Then  sqq.  on  AB,  BC=mm  of  AE  and  CK 

=sura  o{AK,H  F,  QE  and  CK 
=snm  o{  AK,  HF  md  CE. 

Now  ^S"=rect.  AB,  BO,        '.'  BK^BC  j 
CE=vect.  AB,  BC,        v  BE^AB  ; 
HF=sq.  on  AC. 

.'.  sqq.  on  AB,  £0=  twice  rect.  AB,  BCtogother  with  iq.  on  AG 

Q.  E.  D. 

Ex.  If  straight  lines  be  drawn  from  G'  to  B  and  frpm  0 

to  p.  shew  that  BGD  is  a  straight  line,    i 
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Proposition  VIII.    Theorem. 

If  a  itraight  line  be  divided  into  any  two  j^arts,  four 
time*  the  rectangle  contained  by  the  whole  line  and  one  of  the 
parts,  together  vrith  the  square  on  the  other  2  o-ft,  is  equal  to 
the  square  on  the  straight  line  which  is  made  up  of  the  whoU 
and  the  first  pa-f. 
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Let  the  st.  line  AB  be  divided  into  any  two  parts  in  (7. 
Produce  ^B  to  A  so  that  .BD=Ba 

Then  must  four  times  rect.  AB,  BG  together  with  sq.  on 
iC'^sq.  on  AD. 

On  AD  describe  the  sq.  AEFD.  I.  46. 

From  AE  cut  oflf  AM  and  MX  each  =  CB. 
Through  C,  B  draw  CH,  BL  \\  to  AE.  I.  31. 

Throiij,'h  M,  X  draw  MGKN,  XPRO  \\  to  AD.     I.  31. 
Now  •.•  XE^AG,  and  XP=AG,  .'.  ^if =sq.  on  AC. 

Also  AG=MF=PL=:^RF,  II.  a. 

AJidGK=GB=BN=K'0;  U.  A. 

•*.  sum  of  these  eight  rectangles 

=four  times  the  sum  of  AG,  CR 
"four  times  AK 
=four  times  rect.  AB,  BC. 
Then  four  times  rect.  AB,  BG  and  sq.  on  AC 
Bssum  of  the  eight  rectangles  and  XH 
''AEFD 
e»8q.  on  4P-  ^  <^  Bf  Pf 
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Proposition  IX.    Theorkm. 

Ij  a  straight  line  be  divided  into  two  equal,  and  aUo  tn(o 
two  unequal  parts,  the  squares  on  the  two  unequal  parts  are 
together  double  of  the  square  on  half  the  line  and  of  the 
square  on  the  line  between  the  points  of  section. 


Let  AB  be  divided  equally  in  C  and  unequally  in  D. 
Then  must 
fum  of  sqq,  on  AD^  DB=='turice  sum  of  sqq.  on  AC,  CD, 
Draw  CE^AG  tit  rt.  ^  s  to  AB,  and  join  EA,  EB. 
Draw  DF  at  rt.  z  s  to  AB,  meeting  EB  in  F, 
Draw  FQ  at  rt.  z  a  to  EC,  and  join  AF 

Then  •.•  z^CJ^isart.  l, 
.'.  sum  of  z  8  AEC,  EAC=&  rt.  z  ; 
and  •••  I  AEC=^  l  EAC, 
.'.  lAEC^h&U&Tt.  L. 
So  also  L  BEC  and  z  EBC  are  each = half  a  rt.  z  . 

Hence  z  AEF  is  a  rt.  z  . 
Also,  •••  z  GEF  is  half  a  rt.  z  ,  and  z  EOF  is  a  rt.  z  } 
.'.  z  EFQ  is  half  a  rt.  z  ; 
.-.  z  EFG-'  L  GEF,  and  .-.  EG^GF. 
So  also  z  BFD  is  half  a  rt.  z  ,  and  BD=DF. 


I.  ae. 

La. 


I.  a  Cor. 


Now  sum  of  sqq.  on  A  D,  DB 

■=sq.  on  AD  together  vfith  sq.  on  DF 
i=sq.  on  AF  L  47. 

=sq.  on  -4-iE?  together  with  sq.  on  EF  I.  47. 

= sqq.. on  AC,  EC  together  with  sqq.  on  EG,  GF  I.  47. 
■=  twice  sq.  on  ^0  together  with  twice  sq.  on  GF 
—twice  sq.  on  u4C' together  with  twice  sq.  on  CD. 

Q.  E.  D. 
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Proposition  X.    Theorem. 

If  a  straight  line  he  bisected  and  prodtieed  to  any  point, 
(he  sqtux/re  on  the  whole  line  thtu  produced  and  the  sqtuir$  on 
(he  .part  of  it  produced  are  tojemtr  double  of  (he  square  on 
half  the  line  bisected  and  of  the  square  on  the  line  made  up 
of  (he  haHf  a/nd  (he  part  produced.' 


Let  the  st.  line  AB  be  bisected  in  C  and  pbilttoed  to  D. 

ThmfMut 

sum  ofsqq.  on  AD,  BD^tioice  sum  of  sqq.  on  AC,  CD. 

Draw  CBi,  to -iB,  and  make  Ce«=^(7. 
Join  EA,  EB  and  draw  EF  ||  to  AD  and  DF  P  to  CE. 
Then  *.*  z  s  FEB,  EFD  are  together  less  than  two  rt.  i  s, 
.*.  EB  and  FD  will  meet  if  produced  towards  Bf  D 
in  aome  pt.  G. 

Join  AQ. 
Then  •.*  i  ACE  is  a  rt  z  ,  / 
/.    1 8  EAC,  AEG  together = a  rt./^ ,    ' 

and  •/  z  EAC=  l  AEC,  I-  a. 

.-.  z^JS?6'«halfart^z. 
So  also  z  s  BEC,  EBC  each-half  a  rt.  z  . 
.-.  z^i^Bisart.  z. 

Also  z  DBG,  which-*  z  EBC,  is  half  a  rt.  z ,    ' 
and .'.  z  BGD  is  half  a  rt.  z  ; 

.'.  BD^DG.  I.  B.  C(.r. 

Again,  •.*  z  FG^fc'—half  a  rt.  z  ,  and  l  EFG  is  art.  z  ,  I.  34. 
.-.  z  FEG'^holt  a  rt.  z  ,  and  EF'^FG.  I.  a  Cor. 
Then  sum  of  sqq.  on  AD,  DB 

-Bsum  ofsqq.  on  AD,DG 

■=8q.  on  AG  ,  1. 47. 

=xsq.  on  J.^  together  with  sq.  on  EG  1.^47. 

=sq(j.  on  ^(7,-  J5C?  together  with  sqq.  on  EF,  FG   I.  47. 

"■twice  sq.  on  AC  together  with  twice  sq.  on  EF 

<«twice  sq.  on-  AC  toother  with  twice  sq.  on  CD.  q.  B.  s. 
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Pboposftion  XI.    Probleil 

To  divide  a  given  ttratght  line  into  ttoo  parttt  to  OuU  tKe  net- 
'mgh  eontamed  by  the  whole  and  one  of  the  parte  ehcdl  be  e^^uai 
to  Ike  tqyan  on  tite  other  part. 

Ml n'- 


1.46. 
1  10. 

1.46. 


Lrt  AB  be  the  giren  it  Una 

On  AB  descr.  the  sq.  ADCBi 

Bisect  AD  in  E  and  join  EB. 
Prodaoe  DA  to  F,  making  EF^EB. 

On  AF  descr.  the  sq.  AFGH. 

Then  AB  is  divided  in  H  to  that  red.  AB,  BH^eq.  on  4H. 

Trodnce  OH  to  K. 
Then  *.*  DA  is  bisected  in  E  and  produced  to  J*, 
.*.  rect.  DFf  FA  together  with  sq.  on  AE 
—sq.  on  EF 

-sq.  on  EBf        v  EB^EF, 
aisum  of  sqq.  on  AB,  AE. 
'  Take  from  eadi  the  square  on  AE. 

Then  rect  DF,  FA^eq.  on  AB. 
Now  JX-rect  DF,  FA,        v  FO^FA. 
.\  FK'^AG. 
Take  from  each  the  common  part  AK. 

Then  FH^HG; 

that  is,  sq.  on  ^fl"«»rect.  AB,  BH,        v  BG^tAB. 

Thus  AB  is  divided  in  H  as  was  reqd. 

Q.  B.  F. 

Ex.  Shew  that  the  squares  on  the  whole  line  and  one  of  the 
parts  are  equal  to  three  timet  the  square  on  the  other  part 


II.  6. 
1.47. 

Ax.  3. 
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PROPOBTTION  XII.      TbBORBIC. 

In  obtvu-angUd  triangUif  if  a  ptrjundioular  be  drawn  fnm 
tiUuT  of  ike  axfuU  anglee  to  the  oppotiU  tide  prodtused^  the  square 
on  th»  tide  aubiending  Qi.e  dbivM  angle  it  greater  than  the  aquaret 
on  ihe  aides  emUaining  ike  f^t/ate' a/ngUt  hy  tvoiu  the  rectangle 
eontained  hy  &u  aide^  upon  whiok,  whM  produced,  the  perpendi- 
euJUwfallaf  and  the  straiglU  Ivne  intereepted  tuithout  1h4  triangle 
hetwetn  tke  perftnddcuUiT  and  the  cbtute  angle. 


Let  ABC  be  an  obtuie-angled  A ,  hating  lACB  obtnsei. 

From  A  draw  AD  J.  to  BO  produoed. 
Hun  muat  tq.  on  AB  be  greater  than  turn  of  tqq.  on  BO, 
OA  by  twice,  red.  BO,  CD*  -^ 

For  since  BD  is  divided  into  two  parti  in  0, 
■q.  on  BD'mvajSi  of  iqq.  on  BC,  CD,  and  twice  rect.  BC,  CD. 

II.  4. 
^   .  Add  to  each  iq.  on  DA :  then 

Y  lam  of  sqq.  on  BD,  D:ia-ium  of  iqq.  on  BC,  CD,  DA  and 
twioe  xect.  BC,  CD. 

Now  iqq.  on  BD,  D^l—iq.  on  AB,  L  47. 

andiqq.  on  CDy>DiiMiq.  on  (Li;  1.47. 

.'.  iq.  on  ^£->iam  of  iqq.  on  BC,  OA  tind  twice  rect.  BC,  CD. 

.'.  iq.  on  AB  ii  greater  than  lum  of  iqq.  on  BC,  OA  by 

twice  rect.  BC,  CD, 

Q.  K.  D, 
■■        '  f*        • 

Ex.    The   iquarei  on  the  diagonala  of  a  trapezium   are 

together  equal  to  the  iquarei  on  iti  two  lidei,  which  are  ii()t 

puallel,  and  twice  the  rectangle  contained  by  the  lidee,  which 

are  parallel. 
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Proposition  XIII.    Theorem. 

In  every  triangle^  the  sqtiare  on  the  gide  mbtending  any  of 
Ihe  acute  angles  is  less  than  the  sqtiares  on  the  sides  containing 
that  angle,  by  twice  the  rectangle  contained  by  either  of  these  sides 
and  the  straight  line  interested  between,  the  -perpendicular,  let 
fall  upon  it  from,  the  opposite  angle,  and  the  acute  angle. 


Via.  I. 


Fio.  a. 


-B  C 

Let  ARC'h^  tmj  A,  Jhavin^  the  z  ABC  acute. 
From  A  draw  AD  ±  to  BC  or  BC  produced. 
Then  must  sq.  on  AG  be  less  than  the  sum,  of  sqq,  on  AB, 
lie,  by  twice  rect.  BO,  BD. 

For  in  Fig.  1  BC  is  divided  into  two  parts  in  J>, 
and  in  Fig.  2  BD  is  divided  into  two  parts  in  C; 

.V  in  both  cases 
sum  of  sqq.  on  BC,  BD'^mm  of  twice  rect.  BC,  fiD  and 

sq.  on  CD.  II.  7. 

Add  to  each  the  sq.  on  DA,  then 

sum  of  sqq.  on  BC,  BD,  DJ.a8um  of  twice  rect.  BC,  BD 
and  sqq.  on  CD,  DA  ; 

.*.  sum  of  sqq.  on  BC,  ^£>»sum  of  twice  rect.  BC,  BD  and 
sq.  on  AC;  I.  47. 

.'.  sq.  on  AC4l^eea  than  sum  of  sqq.  on  AB,  BC  by  twice 
rect.  BC,  BD. 

The  case,  in  which  the  perpendicular  AD  coincides  with  AC, 
needs  no  proof. 

Q.  E.  D. 

Kx.>  i^ve  thit  the  sum  of  the  squares  on  any  two  sides  of 
a  triangle  is  equal  to  twice  the  sum  of  the  squares  on  half  the 
base  and  on  the  lifie  joining  the  vertipal  angle  with  the  middl* 
point  of  the  bas^t 
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Proposition  XIV.    Problek. 

To  describe  a  tqtuire  tk<U  thall  be  equal  to  a  given  reetHinear 
figure. 


Let  ^  be  the  given  rectlL  figure. 
It  is  reqd.  to  describe  a  square  i^iat  shaU'^A. 

fij         Describe  the  rectangular  O  BODE"  A.         I.  45. 
Then  if  BE^^ED  the  O  BODE  is  a  square, 
and  what  was  reqd.  is  done. 

But  \£BE  be  not»^D,  produce  BE  to  F,  so  that  EF^ED. 
Bisect  BF  in  6f ;  and  with  centre  O  and  distance  OB^ 
describe  the  semicircle  BJBF. 
Produce  DE  to  H  and  join  GH. 

Then,  *.*  BF  is  divided  equally  in  Q  and  unequally  in  JSf, 
.'.  rect.  BEy  EF  together  with  sq.  or    ^E 

»sq.  on  OF  IL  6. 

■»8q.  on  OH 

=sum  of  sqq.  on  EH^  QE.      ,  I.  47. 
Take  from  each  the  square  on  OE. 

Then  rect  BEj  EF^^aq.  on  EH. 
Jbat  rect.  BE,  EF^BDf        vEF^ED;  / 

.-.  sq.  on  J?fl=J5i);  / 

.*.  sq.  on  ^5^=rectiL  figure  A. 


q,f.W, 
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Mook  SL]       MlSCELlAS&OUa  EXERCISER. 


UiMUwmtom  BtmtUa  on  Book  IL 

1.  In  ft  triftiigl*,  whoM  r«rliMl  fttigle  is  a  rignt  angle,  a 
straight  line  ii  drown  from  th«  vertex  perpendicular  to  the 
base ;  shew  that  the  squara  on  tither  of  the  sides  adjacent  to 
the  right  angle  is  equal  to  the  rectangle  contained  by  the 
base  and  the  segment  of  it  adjacent  to  that  side.        , 

W    S.  The  squares  on  the  diagonals  of  a  parallelogram  are  to> 
gether  equal  to  the  squares  on  the  four  sides. 

Z.  li  JLBCD  be  anj  rectangle,  and  0  any  point  either 
within  or  without  the  reotangle,  shew  that  the  sum  of  the 
squares  on  OA^  00  is  equal  to  the  sum  of  the  squares  on  OB, 
OD. 

4.  If  either  diagonal  of  a  mnHelogram  be  equal  to  one  of 
the  sides  about  the  opposite  .llgle  of  the  figure,  the  square  on 
it  shall  be  less  than  the  equare  on  the  other  diameter,  by  twice 
the  square  on  the  other  tide  ibout  that  opposite  angle. 

^  fi.  Produce  ft  given  straight  line  JB  to  C,  so  that  the  reot- 
uigle,  contained  by  the  MB  and  difference  oiAB  and  AC^  roky 
toe  eqtil^l  to  a  given  iqaWiii 

6.  Shew  that  the  wm  of  the  squares  on  the  diagonals  of  any 
quadrilateral  is  Ins  tltun  the  sum  of  the  squares  on  the  four 
Bides,  by  four  tiiDes  the  square  on  the  line  joining  the  middle 
points  of  the  diagonals! 

^^7.  If  the  square  on  the  perpendicular  from  the  vertex  of  u 
triangle  is  equal  to  the  rectangle,  contained  by  the  segments 
of  the  base,  the  verticul  itn^li'  is  a  right  nn^le. 

8.  If  two  straight  lines  be  given,  shew  how  to  produce  one 
of  them  so  that  the  rectangle  contained  by  it  and  the  j)roduced 
part  may  be  equal  to  the  iqUi4re  on  the  other. 

;  9.  If  a  strnight  Mm  be  divi«)od  iiitd  three  purtg,  the  square 
on  the  whole  line  is  eqtial  to  the  muiii  of  the  squares  on  tlie  parts 
together  with  twice  thu  rectangle  contained  by  each  two  of  the 
parti. 
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*  10.  In  any  quadrilateral  the  Miuaref  on  the  diagonab  are 
together  equal  to  twice  the  sum  of  the  equares  on  the  straight 
Unee  joining  the  middle  points  of  opposite  sides. 

11.  If  straight  lines  be  drawn  from  eaoh  angle  of  a  tiiangle 
to  bisect  the  opposite  sides,  four  times  the  sum  of  the  squares 
on  these  lines  is  equal  to  three  times  the  sum  of  the  squares  on 
the  sides  of  the  triangle. 

IS.  CD  is  drawn  perpendicular  to  AB^  a  side  of  the  triangle 
ABOf  in  which  AC^AB.  Shew  that  the  square  on  CD  is 
equal  to  the  square  on  BD  together  with  twice  the  rMtfPi^e 
AD.DB.  ^ 

13.  The  hypotenuse  ^Bof  a  right-angled  ttlili||iikBCia 
trisected  in  the  points  P,  E ;  prove  that  if  CD,  €Nillt»e  joined, 
the  sum  of  the  squares  on  the  sides  of  the  triangle  CDE  is 
equal  to  two-thirds  of  the  square  on  AB. 

14.  The  square  on  the  hjpotenuae  of  an  isosceles  right  angled 
triangle  is  equal  to  four  times  the  squase  on  the  perpendicular 
from  the  right  angle  on  the  hypotenuse. 

15.  Divide  a  given  straight  line  into  two  parts,  so  that 
the  rectangle  contained  by  them  shall  be  equal  to  tho  square 
described  upon  a  straight  line,  whi^  is  less  than  half  the  lii»« 
divided. 
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t  *  II.]  OAT  TH&  M&ASUREM£NT  Of  AREAS,  OS 

iTora  6.—^  the  Mtatwtmtnt  of  Anat, 

To  mtature  a  Magnitude,  we  flx  upon  some  magnitude  of  the 
same  kind  to  serve  as  a  standard  or  unit;  and  then  any 
magnitude  of  that  kind  is  measured  by  the  number  of  times  it 
contains  this  unit,  and  this  number  is  oalled  the  Mkasuri  of 
the  quantity. 

Suppose,  for  instance,  we  wish  to  measure  a  straight  line 
AR    We  take  another  straight  line  EF  for  our  standard, 

A 2  € -D        £-!> 

•nd  then  we  say  /^ 

if  AB  contain  BF  three  times,  the  measure  of  AB  is  S, 

if four 4, 

if X  X. 

Next  suppose  we  wish  to  measure  two  straight,  lines  AB, 
CD  by  the  same  standard  BF. 

If    -  AB  contain  EF  m  times 

and  CD n  times, 

where  m  and  n  stand  for  numbers,  whole  or  fractional,  we  say 
that  AB  and  OD  aro  eommentwahU. 

But  it  may  happ«9»  that  we  may  be  able  to  find  a  standard 
line  EFf  such  that  it  is  contuined  an  exact  number  of  times  in 
AB  ;  and  yet  there  is  no  number,  whole  or  fractional,  whi<^ 
will  express  the  number  of  times  ISF  is  contained  in  CD. 

In  such  a  case,  where  no  unit-line  can  be  found,  such  that  it 
is  contained  an  exact  number  of  times  in  tadi,  of  two  lines 
ABf  OD,  these  two  lines  are  called  ineommmwrabU. 

In  the,  processes  of  Geometry  we  constantly  meet  with 
incommensurable  magnitudes.  Thus  the  side  and  diagonal  of 
a  square  an  incommensurables  ;  and  so  are  the>  diameter  and 
oiroiunfertnea  of  a  circle. 
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Next,  suppose  two  lines  ABy  AG  \xi  be  at  right  angles  to 
each  other  and  to  be  commensurable,  so  that  AB  contains  four 
times  a  certain  Mnit  of  linear  measurement,  which  is  contained 
by  ^C  throe  times. 


A 


Ji 

D 

e 

Divide  AB,  AC  into  four  and  three  equal  parts  respectively, 
nnd  draw  lines  through  the  points  of  division  parallel  to  AC, 
AB  respectively  ;  then  the  rectangle  AGDB  is  divided  into  a 
number  of  equal  squares,  each  constructed  on  a  line  equal  to 
the  unit  of  linear  measurement. 

If  one  of  these  squares  be  taken  as  the  unit  of  area,  the 
vieasure  of  the  area  of  the  rectangle  ACDB  will  be  the  number 
of  these  squares. 

Now  this  number  will  evidently  be  the  same  as  that  obtained 
by  multiplying  the  measure  of  AB  by  the  measure  of  AC; 
that  is,  the  mensure  of  AB  being  4  and  the  measure  of  AC  3, 
the  measure  of  ACDB  is  4  X  3  or  12.    (Algebra,  Art.  38.) 

And  generally,  if  the  measures  of  two  adjacent  sides  of  a 
rectangle,  supposed  to  be  commensurable,  be  a  and  ft,  then  the 
measure  of  the  rectangle  will  be  ab.     (Algebra,  Art.  39.) 

If  all  lines  were  commensurable,  then,  whatever  might  be  the 
length  of  two  adjacent  sides  of  a  rectangle,  we  might  select  the 
unit  of  length,  so  that  the  measures  of  the  two  sides  should  be 
whole  numbers  ;  and  then  we  nught  apply  the  proces.ses  of 
Algebra  to  establish  many  Propositions  in  Geometry  by  simpler 
methods  than  those  adopted  by  Euclid. 

Take,  for  example,  the  theorem  in  Book  ii.  Prop.  iv. 

If  all  lines  were  commensurable  we  might  proceed  thus  — 
Let  the  measure  of  ^C  be  x, 

: of  CB  ...  y, 

Then  the  measure  of  AB  is  aj+y. 

Now  {x  +  yy=x'^  +  y''  +  2xyt 

which  proves  the  theorem. 


V\ 
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Dnt.  inasmuch  an  nil  linea  nie  not  ooniiiicniurubl*,  wc  hftTt 
in  (feninetry  to  treat  of  magnitude  utid  not  of  mMWVfMf 
that  is,  when  we  use  the  symbol  A  to  represent  ft  line  (as 
in  I.  22),  A  stands  for  the  line  itself  and  nut,  m  in  Algebra, 
fur  the  number  of  units  of  length  contained  by  the  line. 

The  method,  adopted  by  Euclid  in  Book  II.  to  explain  the 
relations  between  the  rectangles  contained  by  certain  lines,  is 
more  exact  than  any  method  founded  upon  Algebraical  prin* 
ciples  can  be  ;  because  his  method  appllee  not  merely  to  the 
ciuie  in  which  the  sides  of  a  rectauKle  are  commensurable,  but 
also  to  the  case  in  which  they  are  incommensurable. 

The  student  is  now  in  a  position  to  understand  ihft  practical 
application  of  the  theory  of  Equivalence  of  Areas,  of  which 
the  foundation  is  the  36th  Proposition  of  l^oulc  I.  We  shall 
give  a  few  examples  of  the  use  made  of  this  theory  in  Men- 
suration. 


Area  of  a  Pa/ralUlogram, 

The  area  of  a  parallelogram  ABGD  is  equal  to  the  area 
of  the  Tectana:le  ABEF  on  the  same  base  Ali  and  between 
the  same  parallels  ABy  FO. 


Now  BB  18  the  altitude  of  the  parallelogram  ABOD  If 
ABhe  taken  as  the  base. 
Hence  area  oiC7  ABCD^rect.  AB,  BE. 
If  then  the  measure  of  the  base  be  denoted  by  6, 

and  altitude  ., h, 

the  measure  of  the  area  of  the  O  will  be  denoted  by  bh 
That  is,  when  the  base  and  altitude  are  commensurable, 
measure  of  area» measure  of  base  into  meaauro  of  altitodo. 
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Ana  of  a  Triangle, 

If  from  one  of  the  angular  points  ^  of  a  triangle  ABCy  a 
perpendicular  AI)  be  drawn  to  BC,  Fig.  1,  or  to  BC  produced,  ' 
Fig.  2, 


and  if,  in  both  cases,  a  parallelogram  ABCE  be  completed 
of  which  AB,  HG  are  adjacent  sides, 

area  of  A  ^B(7-half  of  area  of  O  ABOE. 
Now  if  the  measure  of  BC  be  h, 

and AD...  fc, 

measure  of  area  of  O  ABCE  is  hh  ; 

.•.  measure  of  area  of  A  ABC  is  -g-  • 

Area  of  a  Rhomhua. 

Let  ABCD  be  the  jriven  rhombus. 

Draw  the  diHgonals  AC  and  BD,  cutting  on^  another  in  0. 


It  IS  easy  to  prove  that  A  C  and  BD  bisect  each  other  at 
right  angles. 
Then  i{  the  measure  of  ^0  be  ob, 

and BD  ...y, 

measure  of  area  of  rhombus «"  twice  measure  of  £^ACD. 


■twice  ^, 
4 

i' 
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Arta  of  a  Trapmwm, 

Let  ABCD  be  the  given  trapezium,  having  the  sides  AB, 
CD  parallel. 

Draw  AE  At  right  angles  to  CD. 


Produce  DC  to  F,  making  CF^AB. 

Join  AFy  cutting  BC  in  0. 

Then  in  £^bAOB,COF, 

'.'  iBAO=  I  CFO,  and  i  AOB"  L  FOC,  and  ABm»CF', 

.'.  LGOF'mt^AOB.  L26. 

Hence  trapezium  ABCD'^  lADF. 

Now  suppose  th«^  measures  of  AB^  OD^  ^i^  to  be  m.  w,  p 
respectively ; 

.•.  measure  of  DJ'=m  +  »,  •/  CF^^AB. 

Then  measure  ot  area  of  trapezium 

=  I  (measure  of  DF  X  measure  of  AE) 
«=i(m  +  w)Xi». 

That  is,  the  measure  of  the  area  of  a  trapezium  is  fom  i,i 
multiplying  half  the  measure  of  the  sum  of  the  parallel  i^ides 
by  the  measure  of  the  perpendicular  distapQe  between  t})e 
parallel  sfdeSf 
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Area  of  an  Irregular  Polygon. 

There  are  three  methods  of  finding  the  area  of  an  irregular 
polygon,  which  we  slinll  here  briefly  notice. 

I.  The  polygon    may  he  divided   into  triangles,  and    the 
area  of  each  of  these  triangles  be  found  stpurutely. 


Thus  the  area  of  the  irregular  polygon  ABCDE  is  equal 
to  the  sum  of  the  areas  of  the  triangles  ABE,  JEBD,  DBG. 

II.  The  polygon  may  be  converted  into  a  single  triangh 
of  equal  area. 

If  ABCDE  be  a  pentagon,  we  can  convert  it  into  an 
equivalent  quadrilateral  by  the  following  process  ' 


M —  i»  -S" 

Join  BD  and  draw  CF  parallel  to  BD,  meeting  ED  pro- 
duced in  F,  and  join  BF. 

Then  will  quadrilateral  ABFE=ipei\t»goi\  ABCDE. 

For  b.  BDF=  lBCD,  on  same  base  BD  and  between 
same  parallels. 

If,  then,  from  the  pentagon  we  remove  A  BCD,  and  add 
A  BDF  to  the  remainder,  we  obtain  a  quadrilateral  ABFJS 
pq'iivalent  to  the  pentagoij  A  BCP^, 


. 
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The  quadrilateral  may  then,  by  a  similar  process,  be  con- 
verted into  an  equivalent  triangle,  and  thus  a  polygon  of  any 
number  of  sides  may  be  gradually  converted  into  an  equiva« 
lent  triangle. 

The  area  of  this  triangle  may  then  be  found.       • 

III.  The  third  method  is  chiefly  employed  in  practice  by 
Surveyors 


JjQtABCDEFG  be  an  irregular  polygon. 

Draw  AE,  the  longest  diagonal,  and  drop  perpendiculars 
on  AE  from  the  other  angular  points  of  the  polygon. 

The  polygon  is  thus  divided  into  figures  which  are  either 
right-angled  triangles,  rectangles,  or  trapeziums  ;  and  the  areas 
of  each  of  these  figures  may  be  readily  calculated. 
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NoTB  7.     On  Projections. 


The  projection  of  a  point  B,  on  a  straight  line  of  unlimited 
length  AJE,  is  the  point  M  at  the  foot  of  the  perpendicular 
dropped  from  B  on  AE. 

The  projection  of  a  straight  line  BC,  on  a  straight  line  of 
unlimited  length  AE,  is  JOT, — the  part  of  AE  intercepted 
between  perpendiculars  drawn  from  B  and  (7, 

When  two  lines,  as  AB  and  AEj  form  an  angle,  the  pro> 
jection  of  AB  on  AE  is  AM. 


We  might  employ  the  term  projection  with  advantage  to 
shorten  and  make  clearer  the  enunciations  of  Props,  xii.  and 
XIII.  of  Book  II. 

Thus  the  enunciation  of  Prop.  xii.  might  be  : — 

"  In  oblique-angled  triangles,  the  square  on  the  side  sub- 
tending the  obtuse  angle  is  greater  than  the  squares  on  the 
sides  containing  that  angle,  by  twice  tlie  rectangle  contained 
by  one  of  these  sides  and  the  piojection  of  tlie  other  on  it." 

The  enunciatiou  of  Prop.  xiii.  might  be  altered  in  a  similah 
manner. 

■    W 
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•  Note  8.    On  Loci. 

Suppose  we  have  to  determine  the  position  of  a  point, 
which  iA  equidistant  from  the  extremities  of  a  ||piven  straight 
line  BC, 

There  is  an  infinite  number  of  points  satisfying  this  con- 
dition, for  the  vertex  of  any  isosceles  triangle,  described  on 
BG  as  its  base,  is  equidistant  from  B  and  (X 


to 
id 


b- 
le 
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Let  ABC  be  one  of  the  isosceles  triangles  described  on 
BC. 

If  BC  be  bisected  in  D,  MN,  a  perpendicular  to  BC 
drawn  through  X),  will  pass  through  A. 

It  is  easy  to  shew  that  any  point  in  MN,  or  MN  produced 
in  either  direction,  is  equidistant  from  B  and  C. 

It  may  also  be  proved  that  no  point  out  of  MN  is  equi 
distant  from  B  and  C. 

The  line  MN  is  called  the  Locos  of  all  the  points,  infinite 
in  number,  which  are  equidistant  from  B  and  C. 

Def.'  In  plane  Geometry  Locua  is  the  name  given  to  a 
line,  straight  or  curved,  all  of  whose  points  satis-fy  a  certain 
geometrical  condition  (or  have  a  common  property),  to  thf 
exclusion  of  all  other  points. 


?ttt^j  j^iif  ;yt--wi^T>!Www»^ 
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Next,  suppose  we  Imve  to  determine  the  position  of  a  point, 
which  is  equidistant  from  three  given  points  Ay  B,  G,  not  in 
the  same  straight  line. 

E\      ID 


If  we  join  A  and  B,  we  know  that  all  points  equidistant 
from  A  and  B  lie  in  the  line  PDf  which  bisects  AB  at  right 
angles. 

If  we  join  B  and  C,  we  know  that  all  points  equidistant 
from  B  and  C  lie  in  the  line  QE,  which  bisects  BG  at  right 
angles. 

Hence  0,  the  point  of  intersection  of  PD  and  QE^  is  the 
only  point  equidistant  from  A ,  B  and  G. 

PD  is  the  Locus  of  points  equidistant  from  A  and  B^ 

QE Band  0, 

and  the  Intersection   of  these  Loci  determines    the   point, 
which  is  equidistant  from  A,  B  and  G. 

Examples  of  Loci. 
Find  the  loci  of 

(1)  Points  at  a  given  distance  from  a  given  point. 

(2)  Points  at  a  given  distance  from  a  given  straight  line. 

(.3)  The  middle  points  of  stmight  lines  drawn  from  a 
u'lven  point  to  a  given  straight 'line. 

(4)  Points  equidistant  from^lKe  arms  of  on  angle.  ,  , 

I  fS)  Points  equidistant  from  a  given  circle. 

(6)  Points  equally  distant  ttom  two  straight  lines  which 
intersect. 
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Note  9.  On  (he  Methods  employed  in  the  iolution  of 

Problems. 

In  the  solution  of  Geometrical  Exercises,  certain  methods 
maybe  applied  with  success  to  particul^    classes  of  questions. 

We  propose  to  make  a  few  remarks  on  these  methods,  so  far 
as  they  are  applicable  to  the  first  two  books  of  Euclid's 
Elements. 

The  Method  of  Synthesis. 

In  the  Exercises,  attached  to  the  Propositions  in  the  pre- 
ceding pages,  the  construction  of  the  diagram,  necessary  for  the 
solution  of  each  question,  has  usually  been  fully  described,  or 
sufficiently  suggested. 

The  student  hns  in  most  cases  been  required  simply  to 
apply  the  geometrical  fact,  proved  in  the  Proposition  preceding 
the  exercise,  in  order  to  arrive  at  the  conclusion  demanded  in 
the  question. 

This  way  of  proceeding  is  called  Synthesis  ((rvv^e(rtr= com- 
position), because  in  it  we  proceed  by  a  regular  chain  of  reason- 
ing from  what  is  given  to  what  is  svwghi.  This  being  the 
method  employed  by  Euclid  throughout  the  Elements,  we  have 
no  need  to  exemplify  it  here. 

The  Method  of  Analysis. 

The  solution  of  many  Problems  is  rendered  more  easy  hy 
supposing  the  problem  solved  and  the  diagram  constructed. 
It  is  then  often  possible  to  observe  relations  between  lines, 
angles  and  figures  in  the  diagram,  which  are  suggestive  of  the 
steps  by  which  the  necessary  construction  might  have  been 
effected. 

This  is  called  the  Method  of  Analysis  (draXvo-trxs resolution). 
It  is  a  method  of  discovering  tmth  by  reasoning  concerning 
things  nnknown  or  propositions  merely  supposed,  as  if  the  one 
were  given  or  the  other  were  really  true.  The  process  can 
best  be  explained  by  the  following  examples. 

Our  first  example  of  the  Analytical  process  shall  be  the  3l8i 
Proposition  of  Em:liu's  First  i5o'>ki 
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Ex.  1.  To  draio  a  stra/ight  line  through  a  given  point  parallel 
to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BG  be  the  given  straight  line. 

Suppose  the  problem  to  be  effected,  and  EF  to  be  the 
straight  line  required. 


X 


M 

Now  we  know  that  any  straight  li\.e  AD  drawn  from  A  to 
meet  BC  makes  equal  angles  with  EF  and  BC.    (i.  29.) 

This  is  a  fact  from  which  we  can  work  backward,  and  arrive 
at  the  steps  necessary  for  the  solution  of  the  problem  ;  thus : 

Take  any  point  D  in  BC,  join  AD^  make  z  EAD^  l  ADC, 
and  produce  EA  to  F:  then  EF  must  be  parallel  to  BC. 

Ex.  2.  To  inscribe  in  a  triangle  a  rhomhuSj  having  one  of  its 
angles  coincident  witii  an  angle  of  the  triangle. 

Let  ABC  be  the  given  triangle. 

Suppose  the  problem  to  be  effected,  and  DBFE  to  be  the 
rhombus. 


Then  if  ^B  be  joined,  l  DBE^  l  FBE. 
This  is  a  fact  from  which  we  can  work  backward,  and  deduce 
the  necessary  construction  ;  thus : 
Bisect  L  ABC  by  the  straight  line  BE,  meeting  ^C  in  J?> 
Draw  ED  and  EF  parallel  to  BC  and  AB  respectively. 
Then  D3FS  U  the  rhombus  required.    (See  Ex.  4,  p.  69.) 
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Ex.  3.  To  detemUn6  th«  point  in  a  given  ttradght  Wn«,  at 
which  straight  liven,  dtuwti>  from  two  yivm  pointSf  on  the  same 
side  of  the  given  line,  maJu  equal  wngles  mth  it. 

Let  CD  be  the  given  liiM,  tnd  A  and  B  the  given  points. 

Suppose  the  problem  to  be  effioted,  «nd  P  to  be  the  point 
required. 


We  then  reason  thus  { 

If  BP  were  produced  to  Momo  point  At 

I  OBA\  being-  l  SPD,  will  be-  i  APO, 
Again,  if  PA'  be  made  equal  to  PA, 

AA'  will  be  bUeot«d  by  OP  at  right  angles. 

This  is  a  fact  ftrom  which  we  can  work  backward,  and  find 
the  steps  necessary  for  the  lolution  of  the  problem  ;  thus : 

From  A  draw  AO  l  to  CD. 
Produce  ^0  to  A\  making  OA'^OA, 
Join  BA',  cutting  CD  in  P, 
Then  P  is  the  point  rtquind. 


.) 


Nora  lOi    On  Symmetry. 

I  The  problem,  which  wt  hart  jtut  been  considering,  suggests 

the  following  remarks : 

If  two  points,  A  and  A'f  hn  m  sltuftied  with  respect  to  a 
straight  line  CD,  tbut  CD  bliscti  at  right  angles  the  straight 
line  joining  4  and  A',  then  A  and  A'  are  said  to  be  symmetrical 
with  regard  to  CD, 

The  importance  of  symmetrloal  relations,  as  suggestive, of 
methods  for  the  solution  of  t^robUnts,  omnot  be  fully  shewn 
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to  a  learner,  who  ia  unacquainted  with  the  properties  of  the 
circle.  The  following  example,  howeyer,  will  Ulustrate  this 
part  of  the  subject  sufficiently  for  our  purpose  at  present. 

MnS.  a  point  in  a  given  itraight  line^  nush  that  the  mim  of  it$ 
distances  from  two  fixed  points  on  the  same  tide  of  the  line  is  a 
minimumj  that  is,  less  tfuin  the  sum  of  the  distances  of  any  other 
point  in  the  Unefrom  (he  fixed  points. 

Taking  the  diagram  of  the  last  example,  suppose  CD  to  be 
the  given  line,  and  A^  B  the  given  points. 

Now  if  A  and  A'  be  symmetrical  with  respect  to  CD,  we 
know  that  every  point  in  CD  is  equally  distant  fiom  A  and  A'. 
(See  Note  8,  p.  103.) 

Hence  the  sum  of  the  distances  of  any  point  in  CD  from  A 
and  B  is  equal  to  the  sum  of  the  distances  of  that  point  from 
A'  and  J5. 

But  the  sura  of  the  distances  of  a  point  in  CD  from  A'  and 
B  is  the  least  possible  when  it  lies  in  the  straight  line  joining 
A'  and  B. 

Hence  the  point  P,  determined  eu  in  the  Uut  example^  is  the 
point  required. 

NoTB.  Propositions  ix.,  x.,  xi.,  xii.  of  Book  I.  give  good 
examples  of  lymmetrical  constructions. 


NoTB  11.    EwMs  Proof  of  I.  6. 

The  angles  at  the  base  of  an  isosceles  triangle  are  equal  to  one 
another ;  and  if  the  eqnal  sides  he  produced,  the  angles  upon  (he 
other  side  of  the  base  shall  be  equal. 

Let  ABC  be  an  isosceles  A ,  having  AB^m  A  0 

Produce  AB,  AC  to  D  said  E, 

Then  must  L  ABC^  l  ACB, 

and  L  DBC''  l  BCR 


\\ 
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In  BD  take  any  pt.  F, 

From  AE  cut  off  AO^AF, 
JoiaFC&ndGR 


Then  in  as  AFC,  AOB, 

V  FA-OAf  and  A C^AB,  and  z  J'^C=  z  Gf^U, 
.-.  FO^GB,  and  z  -4 fC-  z  ^GfB,  and  z  J  C!F=  z  ^BGf. 


Again,  *.*  AF-^AO, 

of  which  the  parts  AB,  AG  are  equal, 
.*.  remainder  BJ'b- remainder  C&. 

Then  ia  £^bBFO,CGB, 
•/  BF^CG,  and  FC^GB,  and  z  B2?'C=  z  C»B, 
/.  z  FBC-  z  (?CJB,  and  z  B(7J'=  z  CBG^, 

Now  it  has  been  proved  that  z  ACF—  z  ^BGf, 
of  which  the  parts  z  i?C(F  and  z  ^£6^  are  equal ; 

.*.  remaining  z  ^0^=:remaining  z  ^fCl 

Also  it  has  been  proved  that  z  JT'fC^  z  (?C!B, 
«hati^  iDBG^iEGB. 


1.4. 


Ax.  3. 


L4. 


Az.  8. 


Q.  B.  D. 
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Note  12.    EueUdt  Proof  of  I.  8. 

If  two  angles  of  a  triangU  ht  equal  to  om  anoiheft  the 
eides  ixleo,  tohick  rubtend  thi  equal  angUe,  eKaU  b$  equal  to 
onea/Hothm; 


In  L  ABO  let  iACB'm  I  ABO, 
Thm  muri  AB^AO. 
For  if  not,  AB  is  either  greater  or  less  than  A0> 
Suppose  AB  to  be  ^eater  than  AO, 
From  AB  cut  off  BD^^AO,  and  join  VO, 
Then  in  ^bDBC,ACB, 
'.'  DB'mAGt  and  BC  is  common,  and  i  DBO'm  l  ACB^ 

/.  lDBC^lACB;  I.  4. 

that  is,  the  less^the  greater ;  which  is  absnrd. 
.*.  AB  is  not  greater  than  AO. 
Similarly  it  may  be  shewn  that  AB  is  not  less  than  A0\ 

,\  AB^AO. 

Q.  K.  D. 

Note  13.    EucU^e  Proof  of  I.  7. 

XTpcn  ihe  eame  base  and  <m  the  same  $ide  of  it,  there 
cannot  he  itoo  triangles  thai  have  their  sides  which  are  ter- 
minated in  one  extremity  of  the  base  equal  to  one  another^ 
and  their  sides  which  are  terminated  in  the  other  extremdty 
of  the  baM  equal  also. 

If  it  be  possible,  on  the  same  base  AB,  and  on  the  same 
side  of  it,  let  there  be  two  A  s  ii  CB,  ADB,  such  that  AO^AD, 
and  also  B(7=»BI>. 

Join  CI). 
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Ill 


First;  when  the  vertex  of  each  of  tbo  Ai  U  oiidiiii  tho 
other  A  (Fig.  1.) ; 

Pio  1.  f  10, 9. 


1.5. 


.•.  L  ACD^  L  ADO, 
But  L  AOD  is  i^ater  than  z  BCD ; 

. .  c  ADC  is  greater  than  L  BCD  ; 
much  more  is  i  BDC  greater  than  L  BOD* 
Again,    .  *.•  BC^BD, 

.-.  I  BDC^  L  BCD, 
that  is,  z  BDC  is  both  equal  to  and  greater  than  i  BCD ; 
«rhich  is  absurd. 

Secondly,  when  the  vertex  D  of  one  of  the  Lt  fUli  vHthin 
the  other  a  (Fig.  2) ; 

Produce  AC  and  AD  to  J7  and  i* 

Then  '.- AC^AD. 

.'.  L  ECD^  L  FDO.  L  5. 

But  I ECD  is  greater  than  l  BCD ; 

.*.  z  FDC  is  greater  than  z  BOD  ; 
much  more  is  z  BDC  greater  than  z  BCD. 
Again,  •.•  BC^BD, 

.'.  L  BDC=  L  BCD  J 
that  is,  z  BDC  is  both  equal  to  and  greater  than  z  BCD ; 
which  is  absurd. 

Lastly,  when  the  yertex  D  of  one  of  the  as  fulls  on  a 
side  BC  of  the  Other,  it  is  plain  that  BO  and  BD  cannot 
be  Hqual,  <).  1.  D. 


^ 
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Nora  14.    Euclidt  Proof  of  I.  8. 

If  ttoo  triangteM  have  ttoo  iidea  of  the  one  tqwd  to  tvao 
tides  of  the  other,  each  to  each,  and  have  Hkeunse  their  banes 
equal,  the  angle  which  i»  contained  by  the  two  aide*  of  the 
one  must  bt  equai  to  (h«  angU  contained  by  the  iufo  iidet  of 
the  other.  * 


let 


Let  the  sides  of  the  as  ABC,  DBF  be  equal,  each  to  each, 
that  is,  AB^DE,  AG^DF  md  Bu^EF. 

Then  must  iBAO^i  EDF. 


Apply  the  a  ABG  to  the  a  DEF. 

so  that  pt.  B  is  on  pt.  E,  and  BC  on  EF. 

Then  *.•  BC^EF, 

.'.  C  will  coincide  with  F, 
and  BC  will  coincide  with  EF. 

Then  AB  and  AG  must  coincide  with  DE  and  DF. 

For  if  AB  and  AG  have  a  different  position,  m  OE,  OF, 
then  upon  the  same  base  and  upon  the  same  side  of  it  there 
can  be  two  as,  which  have  their  sides  which  are  terminated  in 
one  extremity  of  the  base  equal,  and  their  sides  which  are  ter- 
minated in  the  other  extremity  of  the  base  also  equal :  which 
is  impossible.  I.  7. 

.'.  since  base  BG  coincides  with  base  EF, 

AB  must  coincide  with  DE,  and  AG  with  DF ; 

.'.  I  BAG  coiwidei  with  and  is  equal  to  z  EDF. 

Q.  E.  D. 


VV 
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Note  16.  Anolhtr  Proof  of  I.  24. 

In  the  AS  AB(1,  ltEb\  Kt  Ali'^DE  and  ^('-Df,a«d 
let  I  HA C  be  j/ioHter  timn  i  EDF. 
Tl  .n  MUnt  BC  be  greater  than  EF. 


A 


Apply  the  L  LEW  to  the  lABO 
80  that  DE  coincides  with  AB. 
'/^en  '.•  I  EDF  is  less  than  l  BAG. 
DF  will  fall  between  BA  and  AC^ 
I  Id  F  will  fall  o/»,  or  above,  or  below,  BC. 
I.  If  F  fall  on  EC, 
BF  is  less  than  BC ; 
.-.  EF  is  less  than  BC. 

II.  If  J^  fall  aftouc  BO, 

BF,  FA  t(»gether  ar6  less  than 

BC,  CA, 
nudi'^  =  C^; 

.'.Bi'Ms  less  than  1?(7; 

.-.  EF  is  less  than  BC. 


III.  If  F  Ml  below  BC, 
let  J2^cutBC7in  0. 


Then  BO,  OF  together  are  greater  than  BF,  I.  20. 

and  00.  ^0 AG;  1.20. 

.\BG,1F £F,  ^0  together, 

and  AF=AG, 
.'  BGia  greater  than  BF  • 
and  .'.  EF  is  less  than  BC,  <i.  e,  d. 
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NoTK  16.  Euclid's  Proof  of  I.  26. 

If  two  triangles  Jiave  two  angles  of  the  otie  equal  to  two  angles 
of  the  other,  each  to  each,  and  C7ie  side  equal  to  one  side, 
viz.,  either  the  sides  adJMent  to  the  equal  angles,  or  the  sides 
opposite  to  equal  angles  in  each ;  then  shall  the  other  sides  be 
equal,  each  to  each ;  and  also  the  third  angle  of  the  one  to  the 
third  angle  of  the  other. 


C  IS" 

l\\L&ABC,DEFy 
Let  I  ABC  =  L  DBF,  and  /.  ACB  =  i  DFB ; 
and  first, 

Let  the  sides  adjacent  to  the  equal  /  s  in  each  be  equal, 

that  is,  let  BC=EF. 
Then  must  ^jR=DJ5,and  AC^DF,s.m\  z  BAG  =  l  EDF. 

For  if  AB  be  not=D^,  one  of  them  must  be  the  greater. 
Let  AB  be  the  greater,  aiid  make  GB=JDE,  and  join  GC 

Then  in  AS  GBC,PEF, 
V  GB=DE,  and  BC=EF,  and  z  GBC  =  /  DEF, 

.-.  z  GCB=  .  DFE.  I.  4. 

But  aACB=  I  DFE  by  hypothesis  ; 

.'.  I  GCB=  L  ACB  ; 
that  is,  the  less = the  greater,  which  is  impossible. 
.'.  AB  is  not  greater  than  DE. 

In  the  same  way  it  may  be  shewn  that  AB  is  not  less  thao 

VE; 

.:  AB=DE. 

Than  in  £,%  ABC,  1)EF,  •     ^' 

'.'  AB=  DE,  and  BO  =  EF,  and  z  ABC=  i  DEF, 

.'.  AC-^DF,  and  i  BAO=^  l  EDF.  I.  4. 
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Nesctf  let  the  sides  which  are  opposite  to  equal  angles  in  Ciit'.i 
tiiiingle  be  equal,  viz.,  AB=DE. 
Then  must  AC^DF,  and  BC=EF,  and  l  BAG  =  l  EDF. 


s  o 


For  if  BO  be  not =^2?*,  let  BO  be  the  greater,  and  make 
BH=EF,  and  join  AH. 

Then  in  AS  ABH,DEF, 

'.'  AB=BE,  and  BH=^EF,  and  i  ABU^  i  DEF, 

.'.  L  AHB=  L  DFE.  L  4. 

'S>n\,  lACB  =  L  DFE,  by  hypothesis, 

.-.  z  AHB  =  z  ACB  ; 
that  is,  the  exterior  z  of  a  AHC  is  equal  to  the  interior  and 
opposite  /  ACB,  which  is  impossible. 

.*.  BC  is  not  greater  than  EF. 

In  the  same  way  it  may  be  shewn  that  BC  k  not  less  than 

EF; 

.'.  BC=EF. 

Then  in  a  s  ABC,  DEF, 

','  AB'^DE,  and  BC=EF,  and  z  AliG=  L  DEF, 

,\  AC-=DF,  and  z  BAC^  l  EDF.  I.  4 

Q.  E.  D. 
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Miscellaneous  Exercises  on  Books  I.  and  II, 

1.  AB  and  CD  are  equal  straight  lines,  bisecting  one  another 
at  right  angles.     Shew  that  ACBD  is  a  square. 

2.  From  a  point  in  the  side  of  a  parallelogram  draw  a  line 
dividing  tlie  parallelogram  into  two  equal  parts. 

3.  In  the  triangle  FDG^  if  FCD  be  a  right  angle,  and  angle 
FDG  be  double  of  angle  CFD^  shew  that  FD  is  double 
of  Da 

4.  li  ABChQ  an  equilateral  triangle,  and  AD,  BE  be  per- 
pendiculars to  the  opposite  sides  iiiterseciir^  in  J'^;  shew  that 
the  square  on  AB  is  equal  to  three  times  the  square  on  AF. 

Jk^  5.  Describe  a  rhombus,  which  shall  be  equal  to  a  given 
triangle,  and  have  each  of  its  sides  equal  to  one  side  of  the 
triangle. 

6.  From  a  given  point,  outside  a  given  straight  line,  draw 
a  line  making  with  the  given  line  an  angle  equal  to  a  given 
rectilinear  angle. 

7.  If  two  straight  lines  be  drawn  from  two  given  points  to 
meet  in  a  given  straight  line,  shew  that  the  sum  of  these  lines 
is  the  least  possible,  when  they  make  equal  angles  with  the 
g^ven  line. 

8.  ABGDvA  a  parallelogram,  whose  diagonals  ACy  BD  in- 
tersect in  0 ;  shew  that  if  the  parallelograms  AOBP,  DOGQ 
be  completed,  the  straight  line  joining  F  and  Q  passes  through 

0.  ^Syv^^ 

9.  ABGD,  EBGF  are  two  parallelograms  on  the  same  base  ^f'*^?^ 
BGf  and  so' situated  that  CF  passes  through  A.    Join  DF, 
and  produce  it  to  meet  BE  produced  in  K;  join  FB,  and 
prove  that  the  triangle  F/iB  equals  the  triangle  FEK. 

10.  The  alternate  sides  of  a  polygon  are  produced  to  meet ; 
shew  that  all  the  angles  at  their  points  of  intersection  together 
with  four  right  angles  are  equal  to  all  the  interiqjr  angles  of 
the  polygon. 

11.  Shew  that  tne  perimeter  of  a  rectangle  is  always  greater 
than  that  of  the  square  equal  to  the  rectangleb 
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12.  Shew  that  the  opposite  sides  of  an  equiangular  hexagon 
are  parallel,  though  they  be  not  equal. 

13.  If  two  equal  straight  lines  intersect  each  other  anywhere 
ut  right  angles,  shew  that  the  area  of  the  quadrilateral  fortuid 
by  joining  their  extremities  is  invariable,  and  equal  to  one -h.ilt 
ihe  square  on  either  line. 

14.  Two  triangles  AGBj  ADB  are  constructed  on  the  same 
side  of  the  same  base  AB.  Shew  that  if  AG'^lih  ami 
AD^'BC,  then  CD  is  parallel  to  AB  ;  but  if  -IC-Z/Cand 
AD^BD,  then  CD  is  perpendicular  to  AB. 

15.  AB'iB  the  hypotenuse  of  a  right-angled  triangle  ABO'. 
Hnd  a  point  D  in  AB,  such  that  DB  may  be  equal  to  the  per- 
pendicular from  D  on  AC, 

16.  Find  the  locus  of  the  vertices  of  triangles  of  equal  at  eu 
on  the  same  base,liind  on  the  san'ie  side  of  it. 

foi^^^  fy  17^  Shew  that  the  perimeter  of  an  isosceles  triangle  is  less 
^  *    — than  that  of  any  triangle  of  equal  area  on  the  same  base. 

18.  If  each  of  the  equal  angles  of  an  isosceles  triangle  be 
equal  to  one-fourth  the  vertical  angle,  and  from  one  of  them  a 
perpendicular  be  drawn  to  the  base,  meeting  the  opposite  side 
produced,  then  will  the  part  produced,  the  perpendicular,  and 
the  remaining  side,  form  an  equilateral  triangle. 
'  19.  If  a  straight  line  terminated  by  the  sides  of  a  triangle 
be  bisected,  shew  that  no  other  line  terminated  by  the  same 
two  si(le:«  can  be  bisected  in  the  same  point. 

20.  Shew  how  to  bisect  a  given  quadrilateral  by  a  straight 
line  drawn  from  one  of  its  an-'les. 

21.  (jriven  the  lengths  of  the  two  diagonals  of  a  rhombus,  con- 
struct it. 

22.  ABCD  is  a  quadrilateral  figure  :  construct  a  triangle 
whose  base  shall  be  in  the  line  ABy  such  that  its  altitude  shall 
be  equal  to  a  given  line,  and  its  area  equal  to  that  of  the 
quadrilateral. 

23.  If  from  any  point  in  the  base  of  an  isosceles  triangle 
perpendiculars  be  drawn  to  the  sides,  their  sum  will  be  equal 
to  the  perpendicular  from  either  extremity  of  the  base  upoi» 
the  opposite  side, 
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24.  If  ABO  be  a  triungle,  in  whioh  C  U  a  right  angle,  and 
BE  be  drawn  from  a  point  D  in  ^C  at  right  angles  to  AB^ 
prove  that  the  rectangles  AB^  AE  and  AO^  AD  are  equal 


^    h,>,  25.  A  Une  is  drawn  bisecting  parallelogram  ABCD,  and 
/Meeting  AD,  BO  ia  E  md  F  i  shew  that  the  triangles  EBF, 
CED  are  equal 
26.  Upon  the  hypotenuse  BC  and  the  sides  OA,  AB  of  a 
/  /     .       Vright-angled  triangle  ABO^  squares  BDEG,  AF  and  AG  are 
— y<^         described :  shew  that  the  squares  on  DO  and  EF  are  together 
"^  equal  to.  five  times  the  square  on  BO, 

r»    L  0id./^    27.  If  from  the  vertical  angle  of  a  trianjile  three  straight 
'T^*'*  'lines  be  drawn,  one  bisecting  the  angle,  the  second  bisecting 

3'  I'AL^the  base,  and  the  third  perpendicular  to  the  base,  shew  that 
the  first  lies,  both  in  position  and  magnitude,  between  the 
other  two. 

28.  If  ABO  be  a  triangle,  whose  angle  A  Vi  a  right  angle, 
and  BEf  OF  be  drawn  bisecting  the  opposite  sides  respectively, 
shew  that  four  times  the  sum  of  the  squares  on  BE  and  OF  is 
equal  to  five  times  the  square  on  BC. 

29.  Let  ACB,  ADB  be  two  right-angled  triangles  having 
a  ck)mmon  hypotenuse  AB,  Join  CD  and  on  CD  produced 
both  ways  draw  perpendiculars  AE,  BF.  Shew  that  the  sum 
of  the  squares  on  OE  and  OF  is  equal  to  the  sum  of  the  squares 
on  DE  and  DF. 

.  30.  In  the  base  AC  ot  9,  triangle  take  any  point  D:  bisect 
AD,  DO,  AB,  BO  at  the  points  E,  F,  O,  H  respectively. 
Shew  that  EQ  is  equal  and  parallel  to  FR, 

31.  If  AD  be  dravtn  from  the  vertex  of  an  isosceles  triangle 
ABC  to  a  point  D  in  the  base,  shew  that  the  rectangle  BD,  DO 
is  equal  to  the  difference  between  the  squares  on  AB  and  AD. 

32.  If  in  the  sides  of  a  square  four  points  be  taken  at  equal 
distances  from  the  four  angular  points  taken  in  order,  the 
figure  contained  by  the  straight  lines,  which  join  them,  shall 
also  be  a  square. 

33.  If  the  sides  of  an  equilateral  and  equianj;ular  pentagon 
be  produced  to  meet,  show  tliiit  the  sum  of  the  angles  at  the 
points  of  meeting  is  equal  to  two  li^ht  angles, 


Books  1.  k  XL.]   MISC^LLaMEOUS  EXMRClSE.t 


xtO 


34.  Describe  a  square  that  shall  be  equal  to  the  diti'erence 
between  two  given  and  unequal  squares. 

X  35.  ABGD,  AECFare  two  pirallelograms,  EA,  Al)  being 
in  a  straight  line.  Let  FG,  drawn  parallel  to  AC,  meet  BA 
produced  in  0.  Then  the  triangle  ABE  equals  the  triangle 
AJJG. 

36.  From  AC,  the  diagonal  of  a  square  ABCD,  cut  off  AE 
equal  to  one-fourth  of  A  C,  and  join  BE,  DE.  Shew  that  the 
figure  BADE  is  equal  to  twice  the  square  on  AE. 

37.  If  ABC  be  a  triangle,  with  the  angles  at  B  and  C  each 
double  of  the  angle  at  A,  prove  that  the  square  on  AB  is 
equal  to  the  square  on  BO  together  with  the  rectangle  AB, 

HG. 

38.  If  two  sides  of  a  quadrilateral  be  parallel,  the  triangle 
contained  by  either  of  the  other  sides  and  the  two  straight 
lines  drawn  from  its  extremities  to  the  ntiddle  point  of  the 
opposite  side  is  half  the  quadrilateral. 

39.  Describe  a  parallelogram  equal  to  and  equiangular  with 
a  given  parallelogram,  and  liaving  a  given  altitude. 

40.  If  the  ides  of  a  triangle  taken  in  order  be  produced  to 
twice  their  original  lengths,  and  the  outer  extremifies  be 
joined,  the  triangle  so  formed  wiJJ  oe  seven  times  the  oritfinal 
triangle. 

3^  41.  If  one  of  the  acute  angles  of  a  right-angled  isosceles 
triangle  be  bisected,  the  opposite  side  will  be  divided  by  the 
bisecting  line  into  two  parts,  such  that  the  square  on  one  will 
be  double  of  the  square  on  the  other. 

42.  ABC  is  a  triangle,  right-angled  at  B,  and  BD  is  drawn 
perpendicular  to  the  base,  and  is  produced  to  E  until  KCB  is 
a  right  angle  ;  prove  that  the  square  on  BC  is  equal  to  the  sum 
of  the  rectangles  AD,  DC  and  BD,  DE. 

43.  Shew  that  the  sum  of  the  squares  on  two  unequal  lines  is 
greater  than  twice  the  rectangle  contained  by  the  lines. 

^  44.  From  a  given  isosceles  triangle  cut  off  a  trapezium, 
having  the  base  of  the  triangle  for  one  of  its  parallel  sides, 
and  having  the  other  three  sides  equaL 
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4^.  If  any  number  of  pHiallelogranm  be  constructed  baring 
their  sides  of  given  leuj^th,  shew  that  the  sum  of  the  iquares 
on  the  (lingonals  of  each  will  be  the  same. 

46.  ABCD  is  a  right-angled  parallelogram,  and  AB  is  double 
of  BG ;  on  ^£  an  equilateral  triangle  is  constructed :  shew 
that  its  area  will  be  less  than  that  of  the  parallelogram. 

47.  A  point  0  is  taken  within  a  triangle  ABC,  such  that  the 
angles  BOC^  CO  Ay  AOB  are  equal ;  prove  that  the  squares  on 
BCy  CAy  AB  are  together  eqn.il  to  the  rectangles  contained  by 
OB,  OC;  00,  OA  ;  OA,  OB;  and  twice  the  sum  of  the 
squares  on  OA,  OB,  OH. 

4^  48.  If  the  sides  of  an  equilateral  and  equiangular  hexagon 
be  produced  to  nitet,  the  angles  formed  by  these  lines  are 
together  equal  to  four  right  angles. 

49.  ABC  is  a  triangle  right-angled  at  A  ;  in  the  hypot<N- 
nusc  two  points  D,  E  are  taken  wtcIi  thai  BD=BA  anil 
CE—CA  ;  shew  that  the  pquare  on  DE  is  equal  to  twice  t)e 
rectangle  contnined  by  BE,  CD. 

50.  Given  one  side  of  »  rectangle  which  is  equal  in  area  to  \ 
given  smiare,  find  ^^^-^  r  '  '      '•>. 

"/-  51.  AB,  AC  BXB  the  two  efj'  al  sides  of  an  isosceles  trianglf. ; 
trom  B,  BJ)  is  drawn  perDendicular  to  AC,  meeting  it  in  I); 
sne«r  that  the  square  on  BJJ  is  greater  than  the  square  on  CD 
by  twice  the  rectangle  AD,  CD. 
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BOOK  III. 


A  POINT  is  within,  or  wiUiont,  iv  ciK.ie,  according  ag  its 
distance  from  the  cuiiiio  k  Imni,  or  greyer  than,  tiie  mdius  ul 
the  circle. 

Def.  I.  A  straight  lin^i  im  PQf  drawn  so  as  to  cut  a  circle 
ABO£>f  is  called  a  SieAMf  . 


:      ' 


That  such  a  line  cm  only  meet  the  circumt'erence  in  two 
points  may  be  shewn  thus  j 

Some  point  within  the  dtcle  \»  the  centre  ;  let  this  be  0. 
Join  OA.  Then  (Ex.  I,  ).  10)  we  can  draw  one,  ana  only  one, 
straight  line  from  0,  to  iiicet  the  straij^ht  lins*  f  ^,  such  that 
it  shall  be  equal  to  OA.  Let  this  line  be  00.  iVien  A  and 
0  are  the  only  points  Ifi  PQ,  which  are  on  fcli>  (krcumLtence 
of  the  circle. 

B.  B.  li. 
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Def.  it.  The  portion  AG  of  tlio  secant  PQ,  intercepted  by 
the  circle,  is  called  a  Chord. 

Dkf.  III.  The  two  portions,  into  which  a  chord  divides 
the  circumference,  as  ABC  and  ABCt  ^r^  caUed  Arcs. 


Def.  IV.  The  two  figures  into  which  a  chord  divides  the  circle, 
as  ABO  and  -4D(7,  that  is,  the  figures,  of  which  the  boun- 
daries are  respectively  the  arc  ABG  and  the  chord- -4 C,  and 
the  arc  ABG  and  the  chord  AG^  are  called  Segisents  of  the 
circle. 

Def.  V.  The  figure  AOGD,  whose  boundaries  are  two  radii 
and  the  arc  intercepted  by  them,  is  called  »  Sector. 

Def.  VI.  A  circle  is  said  to  be  described  about  a  rectilinear 
figure,  when  the  circumference  passes  through  each  of  the 
angular  points  of  the  figure. 


,>?' 


And  the  fisrure  is  said  to  be  inscribed  in  the  circia 
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Proposition  I.    Theorem. 

Tht  line,  which  Imeds  a  chord  of  a  circle  at  right  angieSf 
mu»t  contain  the  centre. 


L^' 


Let  ,4  BO  be  the  given  ©. 
Let  the  st.  line  CE  bisect  the  chord  AB  at  rt.  angles  in  D. 

Then  the  centre  of  the  ©  mmt  lie  in  CE, 

For  if  not,  let  0,  a  pt.  out  of  CE,  be  the  centre  ; 
and  join  OA,  OD,  OB. 

Then,  in  As  ODA,  ODB, 
V  AD  •=  BD,  and  DO  is  coinmon,  and  OA  =  OB; 

*     .-.  z  ODA  =  z  ODB ;  I.  c. 

and  .'.  z  ODB  is  a  right  z  .  L  Def.  9 

But  z  CDS  is  a  right  z  ,  by  construction  ; 
.'.  z  ODB  =»  z  CDB,  which  is  impossible  ; 
.'.  0  is  not  the  centre. 
Thus  It  may  be  shewn  that  no  point,  out  of  CE,  can  be  the 
centre,  and  .'.  the  centre  must  lie  in  CE. 

OoR.  If  the  chord  CE  he  bisected  in  F^  then  Fisthf  cen^ 
of  thf.  circle. 


WHlt*.^:i<|li.*iii<h»>Mw>«<IHUl''«dfc'i 
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Proposition  II.    Thborbu. 

If  any  two  points  he  taken  in  the  circumference  of  a  circle, 
the  straight  line,  which  joins  thenif  mmt  fall  within  the 
circle. 


Let  A  and  B  be  any  two  \\a.  in  the  Oce  of  the  (9  JLBC. 
Then  must  the  st.  line  AB  fail  vdthin  the  ($• 


Take  any  pt.  D  in  the  line  AB. 


Find  0  the  centre  of  the  © . 
Join  OA,  OD,  OB. 


III.  1.  Cor. 


Then  /  i  OAB  =  z  OBA,  I.  a. 

and  z  ODB  is  greater  than  z  OAB,  1. 16. 

.'.  z  ODB  is  greater  than  z  OBA  ; 
and  .*.  OB  is  greater  than  OD.  I.  19. 

.'.  the  distance  of  D  from  0  is  less  than  the  radius  of  the  0 , 
.  and  .'.  D  lies  within  the  ©.  Post. 

And  the  same  may  be  shewn  of  any  other  pt.  in  AB, 
.%  ul£  lies  entirely  within  the  0. 


J 
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Proposition  III.    Tur   «m. 

If  a  itraight  Ii'tm,  drawn  (hr<yugh  tht  c^t  tnj  a  cirtU,  hUwt 
a  chord  of  the  circle,  which  does  not  patui  throuffh  the  centre,  it 
must  cut  it  at  right  angles :  and  comersely,  if  ii  out  it  (U  right 
angles,  it  must  bisect  it. 


it. 


In  the  0  ABC,  let  the  chord  AB,  which  doM  not 
through  the  centre  0,  be  bisected  in  E  by  the  diameter  CD, 
Then  must  CD  he  L  to  AB. 

Join  OA,  OB. 
Then  in  £xa  AEO,  BEO, 
V  AE'^BE,  and  EO  is  common,  and  OA  «  OB, 

.'.  I  OEA'mi  OEB.  La 

Hence  OE\&lU>AB,  L  Def.  9. 

that  is,  CD  b  ±  to  AB. 

Next  let  CD  be  ±  to  AB, 

Then  must  CD  bisect  AB, 

For  •/  OA^OB,  and  OE  is  common, 
in  the  right-angled  a  s  AEO,  BEO, 
.'.  AE=BE, 
that  is,  CD  bisects  AB. 

Ex.  1.  Shew  that,  if  CD  does  not  out  AB  at  right  angles, 

cannot  bisect  it. 

Ex.  2.  A  line,  which  bisects  two  parallel  chords  in  a  circle, 
is  also  perpendicular  to  them. 

Ex.  3.  Through  a  given  point  within  a  circle,  which  is  not 
tb9  centre,  dr^w  ^  p)iord  wjiich  phaU  b^  biiected  in  that  point, 


I.  B.  Cor.  p.  43. 

Q.  K.  D. 
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Proposition  IV.    Thborbm. 

If  in  a  circle  two  chordn,  which  do  not  both  pass  through  the 
centre,  cut  one  another,  they  do  not  bisect  each  other. 


Let  the  chords  AB,  CD.,  which  do  not  both  pass  through  the 
centre,  cut  one  another,  in  the  pt.  E,  in  the  0  ACBD. 

Then  AB,  CD  do  not  bisect  each  other. 

If  one  of  them  pass  through  the  centre,  it  is  plainly  not 
bisected  by  the  other,  which  does  not  pass  through  the  centre. 

But  if  neither  pass  tkrough  the  centre,  let,  if  it  be  possible^ 
AE^EB  and  CE'^ED ;  find  the  centre  0,  and  join  OE. 

Then  •.*  OE,  passing  through  the  centre,  bisects  AB, 

.:  L  OEA  is  a  rt.  l.  III.  3. 

And  '.'  OE,  passing  through  the  centre,  bisects  CD, 

.'.  L  OEC  is  a  rt.  z  ;  III.  3 

.*.  /  OEA=  L  OEC,  which  is  impossible  ; 
.*.  AB,  CD  do  not  bisect  each  other.  q.  e.  d. 


I 


L   Ex.  1.  Shew  that  the  locus  of  the  points  of  bisection  of  . 
J  parallel  chords  of  a  circle  is  a  straight  line. 

Ex.  2.  Shew  that  no  parnllelofrrjuii,  except  those  which  are 
rectangular,  can  be  inscribed  in  u  viid*;}, 
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Proposition  V.     Tiikorem. 
If  two  circles  cut  one  another,  they  cannot  have  (he  tame  centre, 

A. 


If  it  be  possible,  let  0  be  the  common  centre  of  the  ®s 
aBC,  ADC,  which  cut  one  another  in  the  pts.  A  and  (7. 

Join  OA,  and  draw  OEF  meetinj;  the  08  in  E  and  i'*. 
Then  '/  O  b  the  centre  of  0  ABC, 

.'.  OE=OA  ; 
and  '.*  0  iis  the  centre  of  0  ADC, 

.'.  OF^OA  ; 
/.  0E=  OF,  which  is  impossible  ; 
.'.  0  is  not  the  common  centre. 


I.  Def.  la 


I.  Def.  13. 


# 


Q.  K.D. 


Ex.   If  two  circles  rut  one  another,  shew  that  a  line  duiwn 
'  through  a  point  of  inteist  ction,  tenii mated  by  the  circumfer- 
ences and  parallel  to  the  line  joining  the  centres,  is  double  of 
the  line  joining  the  centres. 

Note.  Circles  which  have  the  same  centre  are  called  CoU' 
centric. 
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Note  1.  On  the  Contact  of  Oircles. 

Dbf.  VII.  Circles  are  said  to  touch  each  other,  which  meet 
but  do  not  cut  each  other. 

One  circle  is  snid  to  touch  another  internally,  when  one 
point  of  the  circumference  of  the  former  lies  on,  and  no  point 
without,  the  circumference  of  the  other. 

Hence  for  internal  contact  one  circle  must  be  smaller  than 
the  other. 

Two  circles  are  said  to  touch  externally,  when  one  point  of 
the  circumference  of  the  one  lies  on,  and  no  point  wiihin  the 
circumference  of  the  other. 

N.B.  No  restriction  is  placed  by  these  definitions  on  the 
number  of  points  of  contact,  wd  it  is  not  till  we  reach  Prop. 
xiiL  that  we  prove  that  there  can  be  6ut  one  point  of  coniAuL 


w 
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Proposition  VI.    Theorem. 

If  one  circle  touch  another  internally,  they  cannot  have  the 
same  centre. 


Let  ©  ADJE  touch  ©  ABC  internally, 

and  let  ^  be  a  point  of  contact. 
Then  some  point  E  in  the  Oce  ADE  lies  within  ©  ABC, 

Def.  7 
If  it  be  possible,  let  0  be  the  common  centre  of  the  two  ®  s. 
Join  OAy  and  draw  OEC,  meeting  the  Oces  in  E  and  C. 
Then  '.•  0  is  the  the  centre  of  0  ABC, 

.•.OA=^OC;  I.  Def.  13. 

and  '.*  0  is  the  centre  of  0  ADE, 

,'.OA  =  OE.  I.  Def.  13. 

Hence  0^=0(7,  which  is  impossible  , 

/.  0  is  not  the  common  centre  of  the  two  0  s 

Q.  B.  D. 
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Proposition  VII.    Theorem. 

If  from,  any  point  within  a  circle^  which  is  not  the  centre, 
4>'ai(jht  lines  he  drawn  to  the  circumference,  the  greatest  of  these 
lines  is  that  which  passes  through  the  centre. 


-I 


Let  ABC  be  a  0 ,  of  which  0  is  the  centre. 

From  P,  any  pt.  within  the  © ,  draw  the  st.  line  P-4,  pass- 
ing through  0  and  meeting  the  Oce  in  A. 

Then  must  PA  he  greater  than  any  other  st.  line, 
drawn  from  P  to  the  Oce. 

For  let  PB  lie  any  other  st.  line,  drawn  from  P  to  meet  the 
Oce  in  J5,  and  join  BO. 

Then  •.•  AO=BO, 

.'.  ^P=sum  of  BO  and  OP. 
But  the  sum  of  BO  and  OP  is  greater  than  BP,        I.  20. 

and  .•.  AP  is  greater  than  BP.  ^  0-  ®-  ^- 


ilbf 


Ex.  1.  If  AP  be  produced  to  meet  the  circumference  in 
l>,  shew  that  PD  is  less  thim  any  other  straight  line  that  can 
he  drawn  from  P  to  the  circumference. 

Ex.  2.  Shew  that  PB  continually  decreased,  as  B  passes 
^,f rom  Ato  D. 

f  ■■  Ex.  3.  Shew  that  two  straight  lines,  but  not  three,  that  shall 
'be  equal,  can  be  drawn  fiuiu  P  to  the  circuuilereuce. 


\^. 
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PKupotiiTioN  VIII.    Theorem. 
If  from  any  foiut  without  a  circle  straight  lines  he  draimi  io 
the  circumference,  the.  lea  t  of  th&'e  lineH  is  that  whirh,  when  jno- 
dnced,  passes  throvyh  the  centre,  aiul  the  grin ■  it  is  that  which 
passes  through  the  ce.  tia. 


Let  ABC  be  a  ©,  of  which  0  is  the  centre. 
From  P  any  pt.  outside  the  ©,clraw  the  st.  line  PA^C, 
ujeetitig  the  Oce  in  A  and  C 

Then  must  PA  be  h'>is,  and  PC  greater,  than  any  other  si  'in^ 
drawn  from  P  to  the  Oce. 

For  let  PB  be  any  other  st.  line  drawn  from  P  to  niee^  the 
Oc«'  in  B,  and  join  BO. 
'^  hen  '.■  sum  of  PB  and  BO  is  greater  than  OP,  1.  .0. 

.•.  faiuii  of  PB  and  BO  is  greater  than  sum  of  AP  and  jiO. 

Eut  BO=AO  ; 

.•.  PB  is  greater  than  AP. 
PB  is  less  than  the  sum  of  PO,  OB, 
PB  is  less  than  the  sum  of  PO,  OC  ; 
.'.  PB  is  less  than  PC. 
L^  Ex.  1.  £hew  that  PB  continually  increases  as  B  passes 

from  A  to  C.  • 

/     Ex.  2.  Shew  that  from  P  two  straight  lines,  but  not  turee, 
/  that  shall  be  eoual,  can  be  drawn  to  the  circumference. 

Note.  From  Props,  vii.  and  viii.  we  deduce  the  toUoving 

CorOilcry,  whien  v/e  bhall  use  in  the  proof  of  Props,  xi.  and  xiii. 

Cob.  If  c  point  he  taJcen,  within  or  with  out  a  circle,  0/  all 

.  straight  lines  drawn  from  it  to  the  circumference,  t'tie  greatest  is 

ihai  V^iAiti'  ;:;<::':  th^i  ^ircumfereh  ct  after  passing  through  the  cfu  trgi 


Again 


1.20. 


Q.  E.  D. 
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Phopobition  IX.    Theorem. 

If  a  point  he  taken  within  a  circle,  from  which  there  fall  more 
than  two  equal  strmght  lines  to  the  circumference,  that  point  is 
the  centre  of  the  circle. 


: 


Let  0  be  a  pt.  in  the  0  ABC  tVoiu  which  more  than  two  st. 
lines  OA,  OJB,  OC,  drawn  to  the  Oce,  ar^  equal. 

Then  must  0  be  tlte  centre  of  the  0 . 

Join  AB,  BC,  and  draw  OD,  OE  1.  to  AB,  BG. 
Then  •.'  OA=>OB,  and  OD  \»  common, 
in  the  right-angled  As  AOD,  BOD, 

,',  AD^DB ; 
.'.  the  centre  of  the  ©  is  in  DO. 
Similarly  it  may  be  shown  thuu 

the  centre  of  tlie  0  Is  £0 ; 
.*.  0  is  the  centre  of  the  0. 

Q.  &  D. 


I.  B.  Cor.  p.  43. 
III.  1. 
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Proposition  X.    Theorem. 

Two  circles  cannot  have  more  than  two  points  common  to 
both,  without  coinciding  entirely. 


ro  St. 


).  43. 
II.  1. 


If  it  be  possible,  let  ABC  and  ADE  be  two  0  s  which  have 
more  than  two  pts.  in  common,  as  A,  B,  G. 

Join  AB,BC. 

Then  •.'  AB  is  a  chord  of  each  circle, 

.*.  the  centre  of  each  circle  lies  in  the  straight  line,  which 
bisects  AB  at  right  angles  ;  III.  1. 

and  '.•  BCis  a  chord  of  each  circle, 

.'.  the  centre  of  each  circle  lies  in  the  straight  line,  which 
bisects  BC  at  right  angles.  III.  1. 

.*.  the  centre  of  each  circle  is  the  point,  in  which  the  two 
straight  lines,  which  bisect  AB  and  BC  at  right  angles,  meet. 

.'.  the  ©s  ABC,  ADE  have  a  common  c'entre,  which  is 
impossible  ;  III.  6  and  6. 

/.  two  ©s  cannot  have  more  than  two  pts.  comm<m  to  bpth. 

Q.  £.  D. 

Note.  We  here  insert  two  Propositiotis,  Eucl.  iii.  25  and 
IV.  5,  which  are  closely  connected  with  Tlieorems  i.  and  x.  of 
this  book.  The  learner  should  compare  with  this  portion  of 
the  subject  the  note  on  Loci,  p.  103. 
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Proposition  A.    Problem.    (Eucl.  iir.  25.) 

An  arv  of  a  circle  beiny  giveriy  to  comjtlete  the  circle  of  wl-kh 
18  a  part. 


Let  ABC  be  the  given  arc. 

It  is  required  to  complete  the  ©  of  which  ABC  is  a  part. 

Take  J5,  any  pt.  in  arc  ABC,  and  join  AB,  BC. 

From  D  and  E,  the  middle  pts.  of  AB  and  J50, 

draw  DO,  EO,  ±ato  AB,  BC,  nieetiug  in  0. 

Then  *.*  AB  is  to  be  a  chord  of  the  0, 

.*.  centre  of  the  ©  lies  in  DO  ;  III.  1, 

and  '.•  BC  is  to  be  a  chord  of  the  0 , 

.*.  centre  of  the  ©  lies  in  EO,  III.  1. 


Hence  0  is  the  centre  of  the  ©  of  which  ABC  is  an  arc, 
and  if  a  ©  be  described,  with  centre  0  and  radius  OA^  ihis 
will  be  the  0  required. 


Q.  K.  F. 


\ 
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Propobitiow  B,     Pwom.KM.    (Eucl.  IV.  6.) 
To  dticribt  a  cMi  about  a  given  trianffie. 


LI. 

1. 1. 

arc, 
iiiis 


Let  ABO  \)6  the  given  a  . 

It  it  required  to  dmeribe  a  0  about  the  A . 

From  D  Hnd  £',  the  middle  ptK.  of  AB  and  ^C,  draw  DO, 
EO,  ±s  to  ^£,  ACI,  and  bt  thoiii  meet  in  0. 

Then  '.'  ^^  is  to  he  ft  chord  of  the  0, 

.',  centre  ^4  the  ®  lus  in  i>0.  III.  1. 

And  ','  AO  k  to  he  a,  chord  of  the  0, 

.',  ct^ntie  of  the  ®  lies  in  EO.  III.  1. 

Kpnce  0  in  the  e«ntre  of  the  ®  which  can  be  described 
jinoiit  the  A ,  and  if  ii  ®  h^  described  with  centre  O'and  radiiis 
OA,  this  will  be  the  <3  required. 

Q.  E.  F. 

Ex.  If  JiAC  iae  a,  r\  In  iingle,  show  that  O  will  coincide 
with  tlie  middle  point  of  UU, 


/ 
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Proposition  XI.    Thborek. 

If  one  circle  touch  ai other  internally  at  any  point,  the 
centre  of  the  interior  circle  must  lie  in  that  rctdius  of  the 
other  circle  which  passes  through  that  point  of  contnct. 


'    Let  the  ©  ADE  touch  the  0  ABC  internally^  and  let  A  be 
a  pt.  of  contact. 

Find  0  the  centre  of  ©  ABC,  und  join  OA. 

That  miist  the  centre  of  ©  ADE  lie  in  the  radiuu  OA. 

For  if  II  it,  let  P  be  the  centre  of  ©  ADE. 

Join  OP,  and  produce  it  to  meet  the  Oces  in  D  and  B. 

Then  •.*  P  is  the  centre  of  ©  ADE,  and  from  0  are  drawn 
to  the  Oce  of  ADE  the  st.  lines  OA,  OD,  of  which  OD  passes 
through  P, 

^  .'.  OD  is  greater  than  OA.  III.  8,  Cor. 

But  OA  =  OB; 

.'.  OD  is  gretiter  than  OB, 

which  is  impossible.  v  ^ 

.*.  the  centre  of  ©  ADE  is  not  out  of  the  radius  OA. 

,'.  it  lies  in  OA, 

Q.  S-  0. 
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Proposition  XII.    Theorem. 

If  two  circles  toiich  one  another  extervally  at  any  pointy  the 
straight  line  joining  the  cunlre  of  one  with  that  loiiit  of  contact 
must  when  prodticed  pass  through  the  centre  of  the  othr. 


Ibd 


•awn 

asses 

Cor. 


1>. 


Let  0  ABC  touch  0  ADE  externally  at  the  pt  A, 
Let  0  be  the  centre  of  0  A.BC.  , 
Join  OA,  and  produce  it  to  E. 

Then  must  the  centre  of  ©  ADE  lie  in  AE. 

For  if  not,  lefc  P  be  the  centre  of  0  ADE. 

Join  OP  meeting  the  Qain  B,  D;  and  join  AP. 
Then '.' OB  =^0 A, 
a,ndPD^AP, 

.'.  OB  nnd  PD  together  =0^  and  AP  together ; 
.'.  OP  is  not  less  than  OA  and  AP  together. 
But  JP  \»  less  than  OA  and  AP  together,  L  ^. 

which  b  i'lipoRKible  ; 

.'.  the  centre  of  0  ADE  cmnot  lie  out  of  AE. 

*  ■  Q.  B.  D. 

-  Ex.  Three  circles  touch  one  another  externally,  whose 
centres  are  A^  B,  C.  Shew  that  the  difference  between  AB 
and  AC  is  half  as  great  as  the  difference  between  the  diameten 
of  the  circles,  whose  centres  ui-e  B  and  C. 


( 


p 


I3« 


EUCLID'S  ELEMENTS. 


fjook  m. 


Proposiiion  XIIT.     Tiikdukm. 

Out  circle  cannot  touch  another  at  'more  points  than  one, 
whether  it  touch  it  internally  or  extenmilij, 

First  let  the  0  A DE  tnuch  the  ®  ABC  internally  at  pt.  A. 
Then  there  can  be  no  other  foinl  of  contact. 


Take  0  the  centre  of  ©  ABO 
Then  P,  the  centre  of  ©  ADE,  lies  in  OA.  HI.  11. 

.    Take  any  pt.  E  in  the  Qa  of  the  ©  ADE,  and  yAn.  OE. 

Then  '.*  from  0,  a  pt.  within  or  without  the  Q  ADS,  two 
lines  0-4,  0J5  are  drawn  to  the  Qcg,  of  which  OA  passes 
through  the  centre  P, 

.'.  OA  is  greater  *han  OE,  III.  8,  Cor. 

and  .".  JS?  is  a  point  vdthin  the  ©  ABC.  Post. 

Similarly  it  mav  he  shewn  that  every  pt.  of  the  Qce  of  the 
©  ADE,  except  A,  lies  vdthin  the  ©  ABG ; 

,%  4  is  the  only  point  »t  which  the  ©s  meet. 


■^"^"•^ 
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Next.  Itit  the  ©s  ABC,  ADE  touch  externally  at  the  pt.  A, 
Then  there  can  be  no  other  point  of  cotUact. 


A. 


Take  0  the  centre  of  the  ®  ABC, 
Then  P,  the  centre  of  the  ©  ADE,  lies  ht  OA  produced. 

III.  12. 
Take  any  pt.  D  in  the  Qce  of  the  ©  ADE,  and  join  OD. 
Then  •.*  from  0,  a  pt.  without  the  ©  ADE,  two  liii«N  OA, 
OD  are  drawn  to  the  Qce,  of  which  0^  when  produced  paHsei 
through  the  centre  P, 

X  -OD  is  greater  than  OA  ;  ,       III.  8. 

.*.  D  is  a  point  mthout  the  ®  ABC.  Pcmt. 

Similarly,  it  may  be  shewn  that  every  pt,  of  the  Qce  of 
ADE,  except  A,  lies  without  the  ©  ABC ; 

.'.  A  is  the  only  point  at  which  the  0  s  meet. 

Q.  X.  D. 

Def.  VIII.  The  DISTANCE  of  a  chord  from  the  centre  ip 
measured  by  the  length  of  the  perpendicular  drawn  from  the 
centre  m  the  chord. 
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PROPOSlXrON  XIV.      TllKOREM. 

Equal  fhirrdu  in  a  circle  are,  eqnaJly  distant  from  the  centre  ; 
and  conversely,  thone  which  are  eqikolly  dutant  froi"  the  c^trtf 
are  equal  to  one  another. 


Let  the  chords  ABy  CD  in  the  0  ABDC  be  equal. 

Then  must  AB  and  CD  be  equally  distant  from  the  centre  0. 

Draw  OP  md  OQ  ±  to  AB  and  CD  ;  and  join  AO,  CO. 
Then  P  and  Q  are  the  middle  pts.  of  AB  and  CD :      I  rr.  3. 

and  •••  AB^CD, .'.  AP=^GQ. 
Then'.' AP^CQ,mdAO=COf 
in  the  rlRht-nngled  lb  AOP,  COQ, 

.'.  OP^OQ  ;  '  Lb.  Cor.  p.  43. 

and  .'.  AB  and  CD  are  equally  distant  from  0.  Def.  8. 

Next,  let  AB  and  CD  be  equally  distant  from  0. 
Then  must  AB'^CD. 

For  V  OP=Og,  and  ^0=.  CO,       . 

in  the  right-angled  as  AOP,  COQ^ 

.'.AP=CQ, 

and  /.  AB'^CD. 


I.  E.  Cor. 


Q.  E.  D. 

Ex.  In  a  circle,  whose  diameter  is  10  inches,  a  chord  is 
drawn,  which  is  8  inches  long.  If  another  chord  be  drawn,  at 
a  distance  of  3  inches  from  the  centre,  shew  whether  it  is  equal 
or  not  to  the  former. 
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Proposition  XV.    Thkorkm. 

Th*  diameter  ia  the  greatest  chord  in  a  circle^  and  nf  all  othfru 
thcU  which  is  nearer  to  the  centre  is  always  ffrcatti  than  otn' 
more  remote  ;  and  the  greater  w  nearer  to  the  centre  than  tlu 
leu. 


Let  AB  be  a  diameter  of  the  0  ABDC,  whose  centre  u  0, 
and  let  CD  be  any  other  chord,  not  a  diameter,  in  the  0 , 
nearer  to  the  centre  than  the  chord  .^F. 

Then  must  ABhe  greater  than  CD,  and  CD  greater  than  EF. 
Draw  OP,  OQ  l  to  CD  and  EF ;  and  join  OC,  OD,  OE. 

Then  •.•  AO^CO,  and  OB=OD,        I.  Def.  13. 
.-.  AB'^svim  of  CO  and  OD, 
I  and  .-.  AB  is  greater  than  CD.  I.  20. 

Again,  *.*  CD  is  nearer  to  the  centre  than  EF, 

.-.  OP  is  les3  than  OQ.  Def.  8. 

Now  •.•  sq.  on  00= sq.  on  OE, 
,\  sum  ot'sqq.  on  OP,  PC=  sum  of  sqq  onOQ,  QE.    I.  47. 
But  sq.  on  OP  is  less  than  sq.  on  OQ ; 
.'.  sq.  on  PC  is  greater  than  sq.  on  QE  ; 
.*.  PC  is  greater  than  QE ; 
and  .'.  CD  is  greater  than  EF. 
Next,  let  CD  be  greater  than  EF. 
Then  must  CD  he  nearer  to  the  centre  than  EF, 
For  •••  CD  is  greater  than  EF, 
.'.  PC  is  greater  than  QE.- 
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Now  the  sum  of  sqq.  on  OP,  PC=  sum  of  sqq.  on  0^,  (^E. 

But  sq.  on  FG  is  greater  than  sq.  on  C^E ; 

.'.  sq.  on  OP  is  less  than  sq.  on  0^  ; 

.-.  OP  is  less  than  (>Q ; 

and  .".  QD  is  nearer  to  the  centre  than  EF. 

Q.  E.  D. 

Ex.  1.  Draw  a  chord  of  given  isngth  in  a  given  circle,  which 
shall  be  bisected  by  a  given  chord. 

Ex.  2.  If  two  isosceles  triangles  be  of  equal  altitude,  and 
the  sides  of  one  be  equal  to  the  sides  of  the  other,  shew  that 
their  bases  must  be  equal. 

Ex.  3.  Any  two  chords  of  a  circle,  which  cut  a  diameter  in 
the  same  point  and  at  equal  angles,  are  equal  to  one  another. 

Def.  IX.  A  straight  line  is  said  to  he  a  Tangent  to,  or  to 
touch,  a  circle,  when  it  meets  and,  being  produced,  does  not  cut 
the  circle. 

From  this  definition  it  follows  that  the  tangent  meets  the 
circle  in  one  point  only,  for  if  it  met  the  circle  in  two  points 
it  would  cut  the  circle,  since  the  line  joining  two  points  in  the 
circumference  is,  being  produced,  a  stcjint.     (III.  2.) 

Def.  X.  If  from  any  point  in  a  circle  a  line  be  drawn  at 
right  angles  to  the  tangent  at  that  point,  the  line  is  called  a 
Normal  to  the  circle  at  that  point. 

Def.  XI.  A  rectilinear  figure  is  said  to  be  described  about  a 
iircle,  when  each  side  of  the  figure  touches  the  circle. 
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And  the  circle  is  said  to  be  inscribed  in  the  figure. 
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Pkoposition  XVI.    Theorem. 

ThA  straight  line  drawn  at  riyht  angles  to  the  diamster  of  a 
circle,  from  the  extremity  of  it,  is  a  tangent  to  the  circle. 


Let  ABC  be  a  0,  of  which  the  centre  is  0,and  the  diameter 
JOB 


Through  B  draw  DE  at  right  angles  to  A  OB. 

Then  must  DE  be  a  tangent  to  the  ® . 

Take  any  point  P  in  DE,  and  join  OP. 

Then,  •.•  z  OBP  is  a  right  angle, 

.'.  L  OPB  is  less  than  a  right  angle, 

and  .  •.  OP  is  greater  than  OB. 

Hence  P  is  a  point  without  the  0  ABC. 


1.11. 


1.17. 
I  If). 
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T.^  the  fame  way  it  may  be  shewn  that  every  point  in  D  ' . 
or  DE  produced  in  either  direction,  except  the  point  B,  li<  s 
without  the  ® ; 


,*.  DE  is  a  tangent  to  the  © . 


Def.  &. 
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Proposition  XVII.    Problem. 
To  draw  a  straight  line  from  a  given  point,  either  without 
or  ON  the  cvrcvrnference,  which  shall  touch  a  given  circle. 


It-  .1- 


;.oe 


Then 


and 


La. 
1.32. 

I.  A. 

I.  32. 


Let  A  be  the  given  pt.,  without  the  0  BCD. 
Take  0  the  centre  of  ©  BCD,  and  join  OA. 
Bisect  OA  in  E,  and  with  centre  E  and  radius  EO 
©  ABOD,  cutting  the  given  0  in  5  and  D. 

Join  AB,  AD.     These  are  tangents  to  the  ©  BCD. 
Join  BO,  BE. 
.-  OE=BE,  .'.  L  OBE=  L  BOE ; 
•.  L  AEB=Wvcfy  L  OBE  ; 
.•  AE=BE,  .-.  I  ABE=  l  BAE  j 
:.L  OEB^tmceiABE; 
.:  sum  ofzs  AEB,  0^5= twice  sum  ofzs  OBE,  ABE, 
that  is,  two  right  angles  =  twice  i  OBA  ; 

.'.  L  OBA  is  a  right  angle, 
and  .'.  AB  is  a  tangent  to  the  ©  BCD.       111.  16. 
Similarly  it  uiay  be  shewn  that  AD  is  a  tangent  to  ©  BCD. 
Next,  let  the  given  pt.  be  on  the  Qce  of  the  (£>,  a&  B.  I 

Then,  if  BA  be  drawn  ±  to  the  radius  OB, 

BA  is  a  tangent  to  the  ©  at  B.  HI.  16. 

Q.  £.  D. 

Ex.  1.  Shev7  that  the  two  tangents,  drawn  from  a  point  with- 
out the  circumference  to  a  circle,  are  equal. 

Ex.  2.  If  a  quadrilateral  ABCD  be  described  about  a  circle, 
shew  that  the  mm  of  AB  mid  CD  i»  equal  tQ  the  mm  of  AD  / 
Wid  BC. 
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Proposition  XVIII.    Theorem.  ^ 

If  a  straight  line  touch  a  circle,  the  straight  line  drawn  from 
the  centre  to  the  point  of  contact  must  he  ■}  erpendicular  to  the 
line  touching  the  cirele. 


Let  the  st.  line  DE  touch  the  ©  ABC  in  the  pt.  0, 
Find  0  the  centre,  and  join  OG. 

Then  must  OG  he  ±  to  DE. 

For  if  it  be  not,  draw  OBF±  to  DE,  meeting  the  Oce  in  B. 

Then  •.•  i  OFG  is  u  rt.  angle, 

.*.  I  OGF  is  less  than  a  rt.  angle,  I.  17. 

and  .'.  OG  is  greater  than  OF.  I.  19. 

But  0C=  OB, 

.*.  OB  is  greater  than  OF,  which  is  impossible  ; 

.*.  OF  is  not  ±  to  DE,  and  in  the  same  way  it  may  he 
riiewn  that  no  other  line  drawn  from  0,  but  OG,  is  j.  to  DE , 

.'.OG'v&i.ioDE. 

Q.  E.  D. 

/ 

■'  Ex.  If  two  straight  lines  intersect,  the  centres  of  all  circles 
touched  by  both  lines  lie  in  two  lines  at  right  angles  to  each 
other. 

Note.  Prop,  xviii.  might  be  stated  thus  -.—All  radii  of  a 
circle  are  normals  to  the  circle  at  the  points  where  they  meet  tM 
circumference. 
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PUOPOSITION  XIX.      TlIBOnEM, 

J/  a  straight  line  touch  a  circle,  and  from  the  point  of  eon- 
tact  a  straight  line  be  drawn  at  right  angles  to  the  touching  line, 
the  centre  of  the  circle  must  he  in  that  line. 


/ 


Let  the  st.  line  BE  touch  the  3  ABC  at  the  pt.  C,  and 
from  C  let  CA  be  drawn  1  to  DE, 

Then  must  the  centre  of  the  ©  he  in  GA. 

For  if  not,  let  F  be  the  centre,  and  join  FG. 

Then  •/  DCE  touches  the  0,  and  FGib  drawn  from  centre 
to  pt.  of  contact, 

.'.  z  FGE  is  a  rt.  angle.  III.  18. 

But  I  ACE  i»a,  rt.  angle. 

.*.  z  FGE  =»  z  ACE,  which  u  impossible. 

In  the  same  way  it  may  be  shewn  that  no  pt.  out  of  CA 
can  be  the  centre  uf  the  0  ; 

.'.  the  centre  of  the  0  lies  in  CA. 

Q.  £.  D. 

Ex.  Two  concentric  circles  being  described,  if  a  chord  of 
the  greater  touch  the  less,  the  parts  of  the  chord,  intercepte4 
between  the  two  circles,  are  equah 

Note.  Prop,  xnc,  might  be  stated  thus  -.—Every  normal  to 
a  circle  passes  through  the  centre, 
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Proposition  XX.    Theorem. 

The  angle  at  the  centre  of  a  circle  is  double  of  the  angle  at  the 
circumference,  subtended  by  the  same  arc. 

Let  ABC  be  a  © ,  0  the  centre, 
BG  any  arc,  A  any  pt.  in  the  Oce. 

Then  must  l  BOC  —  twice  i  BAG. 

First,  supp  «e  0  to  he  in  one  of  the  lines  containing  the 
I  BAG. 


Then  •.•  OA  =  OG, 

:.iOCA  =  lOAG; 

,'.  sum  of  z  s  OCA,  OAC  =  twice  z  GAG. 

But  z  BOC  =  sum  of  z  s  OCA,  OAC, 

•  1  500==  twice  z  0^0. 

tnai  is,  z  BOG  =  twice  z  BAG 


La. 
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Next,  suppose  0  to  be  within  (fig  1),  or  without  (fig.  2)  the 
L  BAG. 


Pig.  2. 


Join  AOy  and  produce  it  to  meet  the  Oce  in  2). 

Then,  as  in  the  first  case, 

L  COD  =  twice  z  CjJ), 

and  I  BOD  ==tmce  I  BAD; 

.'.,  fig.  1,  sum  of  z  8  COD,  BOD  —  twice  sum  of  z  s  CAD, 
BAD, 

that  is,  I BOC  =  twice .'  BAC. 

And,  fig.  2,  difference  of  /  s  COD,  BOD  =  twice  difference 
of  z  8  CAD,  BAD,  that  is,  z  BOC  ^  twiee  z  BAC.  « 

\  Q.  E.  D. 

A' 

Ex.  From  any  point  in  a  straight  line,  touching  a  circle^ 
a  straight  line  is  drawn  through  the  centre,  and  is  terminated 
by  the  circumference ;  the  angle  between  tV^t'se  two  straight 
lines  is  bisected  by  a  straight  liiicj  which  intersects  the  straight 
line  joining  their  extremities.  Shew  that  the  angle  between 
the  last  two  lines  is  half  a  light  angle.  v    « 
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Norn  2.  On  Iflai  mA  Reflex  Angles. 

We  have  already  expUint^d  (Note  3,  Book  I.,  p.  28)  how 
Euclid's  dednilion  of  m\  (ttiglc  ttitiy  be  extended  with  advan- 
tage, 80  as  to  iiicluda  th#  (!(»ti<!«ption  of  an  an^^le  equal  to  two 
right  angles :  and  wo  now  proceed  to  shew  how  the  Definition 
given  in  that  Note  mtty  ha  extended,  bo  as  to  embrace  angles 
greater  than  two  right  ungUi. 


Let  WQ  be  a  straight  Mm,  and  QE  its  continuation. 

Then,  by  the  Definition,  the  angle  made  by  WQ  and  QE, 
which  we  propose  to  oall  A  ¥hAV  Amolb,  is  equal  to  two  right 
angles. 

Now  suppose  QP  to  bp  a  utralght  line,  which  revolves  about 
the  fixed  point  Q,  and  which  lit  first  coincides  with  QE. 

When  QP.  revolving  from  right  fo  left,  coincides  with  QW, 
it  has  desciibad  an  nnglo  itqiml  to  two  right  angles. 

When  QP  has  crmtlnnpd  lt«  revolution,  po  as  to  come  into 
the  position  indiciited  In  thti  dhigrnin,  it  has  described  an 
anwle  EQP,  indicated  by  the  dotted  line,  greater  than  two 
right  angles,  and  this  wo  chU  a  UnVLKX  Angle. 

To  assist  the  learner,  weilhtill  mark  these  angles  with  dotted 
lines  in  the  diagrams, 

Admitting  the  existenco  of  fttigl(««,  equal  to  and  greater  than 
two  right,  angles,  the  Propoultloii  lust  proved  may  be  extended, 
fts  we  pow  proceed  to  ihow, 


':i 


ISO 


EUCLID'S  ELEMENTS. 


[Book  m. 


Proposition  G.    Theorem. 

2%e  an^^e,  not  leas  than  two  right  angles,  at  the  centre  of  a 
circle  is  double  of  the  angle  at  the  circumference,  subtended  by 
the  same  arc. 


Kg.  1. 


Fig.  2. 


In  the  ©  ACBD,  let  the  angles  AOB  (not  less  than  two 
right  angles)  at  the  centre,  and  ADB  at  the  cirruniference,  he 
subtended  by  the  same  arc  ACB. 

Then  must  l  AOB=twi(e  t  ADB. 
Join  DO,  and  produce  it  to  meet  the  arc  ACB  in  C. 

Then  .•  a  AOC=  twice  i  ADO,  III.  20. 

and  z  BOC=  twice  i  BDO,  III.  20. 

/.  sum  of  z  s  AOC,  BOC=twice  sum  of  z  s  ADO,  BDO, 
that  is,  I  ^05= twice  z  ADB. 

Q.  E.  D. 

Note.  In  fig.  1,  z  AOB  is  drawn  a  flat  angle, 
and  in  fig.  2,  i  AOB  is  drawn  a  reflex  angle. 

Def.  XII.  The  angle  in  a  segment  is  the  anglf* contained  by, 
two  straight  lines  drawn  from  any  point  in  the  arc  to  thts  ejf- 

tremities  of  the  chord 
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Proposition  XXI.    Theorem. 

The  angles  in  (lu  name  gegment  of  a  circle  are  equal  to  one 
another. 


Fig.1. 


Let  BAG,  BDC  lo  >mvjicR  in  the  some  spj^mrnt  BADC. 

Then  wmt  I  BAC=  L  BDC. 
First,  when  sefjnienf.  BADC  is  j^reater  tli.m  -^  s.Miii('iiole, 

From  O,  the  centre,  draw  OB.  OC.  (Fig.  1.) 

,    Thei),  :•  ^  BOC=-tmce  I  BAC,  III   20. 

and  I  BOr=  twice  z  BVC,  III.  20. 

..lBAC=  lBDC. 
Next,  when  segment  BADC  is  less  than  a,  seniriido, 
y    .  Let  J5  be  the  pt.  <tf  intersection  oi  AC,  L)B.    (Fig.  2.) 

Then  '.- l  ABE=>  l  DCE,  by  the  first  oasp, 


■"^ 


and  I  BE  A  =  i  CED, 

.-.lEAB^  lEDC, 

that  is,  L  BAC=  l  BDC. 


I  15. 
1.  32. 

Q.  E.  D. 


-JL.  Ex.  1.  Shew  that,  by  assnniing  the  popsiMlify  of  an  an^le 
being  greater  than  two  right  angles,  both  the  cases  of  this 
piopuuition  may  be  included  in  one. 

Ex.  2.  If  two  straight  lines,  whose  extremities  are  in  the 
circumference  of  a  circle,  cut  one  another,  the  triangles  Inrmed 
by  joining  their  extremities  are  equiangular  to  each  other. 


i 
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Proposition  XXII.    Thkorem. 


The  opposite  angles  of  any  quadrilateral  figurey  inscribed  in 
a  circle,  are  together  equal  to  two  right  angles. 


Let  A  BCD  be  a  quadrilateral  fig.  inscribed  in  a  © , 

Then  must  each  pair  of  its  opposite  l  s  he  together  equal  ^ 
two  rt.  L  s. 

Draw  the  diagonals  AC^  BD. 

Then  '.•  z  ADB=  l  AGB,  in  the  same  segment,         III.  21. 

and  I  BDC=  l  BAC,  in  the  same  segment ;        JIT,  21. 

/.  sum  of  ^  s  ADB,  BDC=mm  of  i»ACB,  BAC ; 

that  is,  z  ADC =aum  of  /  s  ACB,  BAC. 

Add  to  each  i  ABC. 

Then  z  8  ADC,  ABC  tngether=sum  ofzs  ACB,  BA-^, 
ABC; 

and  .'.  A  s  ADC,  ABC  together=Btwo  right  is.  I,  :    . 

Similai  ly,  it  may  be  sheM'n, 

that  IB  BAD,  BCD  together = two  right  z  s. 

Q.  E.  D. 

NoTB. — Another  method  of  proving  this  proposition  is  given 
oil  page  1 77. 
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Ex.  1.  If  one  side  of  a  quadrilateral  flf(uro  Iniioribed  in  a 
circle  be  produced,  the  exterior  angle  ii  equal  to  the  opposite 
angle  of  the  quadrilateral. 

Ex.  2.  If  the  sides  AB,  DO  of  a  quHdiilnternt  inwribfd  in 
a  circle  be  produced  to  i^ieet  in  J?,  then  the  triunglvs  EBOf 
EAD  will  be  equiangular. 

,  Ex.  3.  Shew  that  a  circle  cannot  be  describi'd  about  a 
rhombus. 

■'  Kx.  4.  The  lines,  bisecting  any  angle  of  a  quadritiiternl  figure 
inscribed  in  a  circle  and  Uie  opposite  exterior  anglu,  lueotl  iu 
the  circumference  of  the  circle. 

Ex.  fi.  AB^tk  chord  of  a  circle,  is  the  base  of  an  isosceles 
triangle,  whose  vertex  0  is  without  the  circle,  and  whose 
equal  sides  meet  {he  circle  In  D,  ^ :  shew  that  CD  is  equal 
toC^. 

"4  Ex.  6.  If  in  any  quadrilateral  the  opposite  nngl^s  be  to- 
gether equal  to  two  right  angles,  a  circle  may  be  described 
about  that  quadrilateral. 

Propositions  xxiii.  and  xxir.,  not  being  required  in  the 
method  adopted  for  proving  the  subsequent  PropMsitions  in 
this  book,  are  removed  to  the  Appendix.  Proposition  xxv. 
has  been  ahready  proved. 


Note  Z.  OnHu  Method  of  SuperpoBiHon,  <u  apjilUd 

to  Circles. 

In  Props.  XXVI.  xxvii.  xxviii.  xxix.  we  prove  oertatn 
relations  existing  between  chords,  arcs,  and  angles  in  equal 
circles.  As  we  shall  employ  the  Method  of  Superposition,  we 
must  state  the  principles  which  render  this  method  appli- 
cable, as  a  test  of  equality,  in  the  case  of  figures  with  eirculcr 
boundaries. 
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Def.  XIII.  Equal  circlet  are  thou,  of  which  the  radii  are 
equal. 


For  suppose  ABC,  A'FC  to  be  circles,  of  which  the  radii 
ire  equal. 

Then  if  ©  A'B'C  be  applied  to  ®  ABC,  so  tlmf  0',  the 
ceiilve  of  A'B'C,'  coincides  witli  0,  the  centre  of  ABC,  it.  is 
evident  tliut  aii^  particular  point  A'  in  the  Qce  of  tin'  fnimer 
must  coincide  with  some  point  A  'wi^Qce  of  the  latter,  hecause 
of  the  equality  of  the  radii  O'A'  and  Ou4.  ., 

Hence  Qco  A'B'C  must  coinciictc  with  Qiic  AP.C, 
i\\nt\k,Q  A'B'C ^Q)  ABC. 

Further,  when  we  have  applied  the  circle  A'T'f^  tn  the 
circle  ABC,  so  that  the  centres  coincide,  we  nniy  iin;  yine  ABC 
to  remain  fixed,  while  A'B'C  revolves  round  the  common 
centre.  Hence  we  may  suppose  any  particular  point  B'  in  the 
circumference  of  A'B'C  to  be  made  to  coincide  with  any  pa^ 
ticular  point  B  in  the  circumference  of  ABC 

Agiiin,  any  radius  O'A'  of  the  circle  A'B'C  may  be  made  to 
coincide  with  any  radius  OA  of  the  circle  ABC. 

Also,  if  A'B'  and  AB  be  equal  arcs,  they  may  be  made  to 
coincide. 

Ag;iin,  every  diameter  of  a  circle  divides  the  circle  into 
equal  seynients. 

For  let  AOB  be  a  diameter  of  the 
circle  ACBD,pi  which  0  is  the  centre. 
Suppose  the  segment  ACB  to  be  ap- 
plied to  the  segment  ADB,  so  as  to 
keep  -4J5  a  common  boundary  :  then 
the  arc  ACBmwst  Coincide  with  the 
aye  ADB,  /Because  every  point  in 
each  is  equally  distant  from  0. 
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Proposition  XXVI.    Tiiborbm. 

In  equal  nrch'n,  the  nrfu,  which  nuhtend  equal  angh»,  whether 
they  be  at  the  centres  or  at  the  circumfcreiuea,  mu$t  be  equal. 


T  V 


'^'ij 


Let  ABC,  DEF  be  equal  circle3,  and  let  i  s  BGCy  EHF  at 
their  centres,  and  i  s  BAC,  EDF  at  their  O^es,  be  equal. 

Then  must  arc  BKC—arc  ELF. 

loi,  if  ©  ABC  be  applied  to  ©  DEF, 
80  that  G  coincidea  with  H,  und  GB  falls  on  HE, 

then,  *.•  GB=HE,  .'.  B  will  coincide  with  E. 
And  •/  z  5GC=  i  EHF, .:  GC  will  fell  on  HF ; 

and  '.•  GC=HF,  .*.  C  will  coincide  with  F. 
Then  •.'  B  coincides  with  E  and  C  with  F, 
.:  arc  BKC  will  coincide  with  and  be  equal  to  arc  ELF. 

<i  B.  D. 

Cor.  Sector  BGCK  is  equal  to  sector  EHFL. 

Note.  This  and  the  three  following  Propositions  are,  and 
will  hereafter  be  assumed  to  be,  true  for  the  same  ci'cle  ^9  well 
fu  for  equal  circles, 
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Proposition  XXVII.    Thkorem. 
In  equal  circles,  the  angles,  which  are  subtended  by  equal  areSf 
whether  they  are  at  the  centres  or  at  the  circumferences,  muit  b^ 
equal. 


I 


Let  ABC,  DBF  be  equal  circles,  and  let  z  s  BGC,  EHF  at 
their  centres,  and  z  s  BAC,  EDF  at  their  Qces,  be  subtended 
by  eqtuil  arcs  BKC,  ELF. 

Then  must  l  BGC=  l  EHF,  and  A  BAC=  i  EDF. 

For,  if  ©  ABC  be  applied  to  ©  DEF, 
so  that  O  coincides  with  H,  and  GB  falls  on  HE, 
then  •/  GB—HE,  .'.  B  will  coincide  with  E  ; 
and  •.•  arc  BKC=a,TC  ELF,  .'.  C  will  coincide  with  F.  . 
Hence,  GO  will  coincide  with  HF. 
Then  •.•  EG  coincides  with  EH,  and  GC  with  HF, 

.'.  L  BGC  will  coincide  with  and  be  equal  to  z  EHF. 
Ag..in,  •/  z  5^C'=half  of  z  BGC,  III.  20. 

and  z  EDF=^hA\{  of  z  EHF,  III.  20. 

.-.  z  BAC=  L  EDF.  I.  Ax.  7. 

Q.  A  D. 

-V  Ex.  1.  If,  in  a  circle,  AB,  CD  be  two  arcs  of  given  magni- 
•nde,  and  AC,  BD  be  juined  to  meet  in  E,  shew  that  the  angle 
AEB  is  invariable. 

Kx.  2.  The  straight  lines  joining  the  extremities  of  the 
eh  trds  of  two  equal  arcs  of  the  same  circle,  towar'ls  the  ?"iH© 
partSj  are  parallel  to  eaph  ^^^hfV, 
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Proposition  XXVIII.    Theorem. 

In  eqtuil  circles,  the  arcs,  which  are  subtended  hy  equal 
chords,  must  he  equal,  the  greater  to  the  greater,  and  the  less  to 
the  less. 


Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal  chords, 
subtending  the  major  arcs  BAC,  EDF, 

and  the  minor  arcs  BOC,  EHF. 
Then  must  arc  BAG  ==  arc  EDF,  and  arc  BOC  =»  are  EHF. 
Take  the  centres  K,  L,  and  join  KB,  KC,  LE,  LF. 
Then  •.•  KB=LE,  mid  KC=LF,  and  BC=-EF, 

.:  L  BKC  =  I  ELF.  I.  a 

Hence,  if  ©  ABC  be  applied  to  ©  DEF, 

so  that  K  coincides  with  L,  i*nd  KB  falls  on  LE, 

then  •.•  I  BKC  =  z  ELF, .:  KC  will  fall  on  LF; 

and  •.•  KC  =  LF,  .:  C  will  c<jincide  with  F. 

Then  '.•  B  coincides  with  E,  and  C  with  F, 

.'.  arc  BAC  will  coincide  with  and  be  equal  to  arc  EDF, 

and&TcBGC EHF. 

Q.  £.  D. 

Ex.  1.  If,  in  a  circle  ABGD,  the  chord  AB  be  equal  to  the 
chord  DC,  AD  must  be  parallel  to  BC. 

Ex.  2.  If  a  straight  line,  drawn  from  A  the  middle  point 
of  an  arc  BC,  touch  the  circle,  shew  that  it  is  parallel  to  the 
chord  JBC. 

'  Ex.  3.  If  two  equal  chords,  in  a  given  circle,  cut  one  an- 
other,* the  seg^ments  ^^  the  one  shall  be  equal  to  the  segment* 
•>'  tb©  Other,  eaph  to  eftohf 
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Proposition  XXIX.    Theorem. 

/«/  equal  circles,  the  chords,  which  subtend  equal  a/rcs,  muifl 
be  equal. 


Let  ABC,  DBF  be  equal  circles,  and  let  BO,  EF  be  chord'* 
subtending  the  equal  arcs  BGO,  EHF. 

Then  must  chord  EG  =  chord  EF. 

Take  the  centres  K,  L. 

Then,  if  ©  ABC  be  applied  to  ©  DEF, 

80  that  K  coincides  with  L,  and  B  with  E, 

and  arc  BOG  falls  on  arc  EHF, 

V  arc  BOG=Sirc  EHF, .'.  G  will  coincide  with  F. 

Then  •.'  B  coincides  with  E  and  G  with  F, 

,•.  chord  BG  must  coincide  with  and  be  equal  to  chord  EF. 

Q.  E.  D. 


Ex.  1.  The  two  straight  lines  in  a  circle,  which  join  the 
extremities  of  two  parallel  chords,  are  equal  to  one  another. 

Ex.  2.  If  three  equal  chords  of  a  circle,  rut  one  another  in 
the  same  point;,  wiihui  the  circle,  that  point  is  the  centre,  , 
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Note  ^  On  the  Symmetrical  properties  of  the  Circle  toith 
regard  to  its  diameter. 

The  brief  remarks  on  Symmetry  in  pp.  107,  108  may  now 
be  extended  in  the  following  way : 

A  Jigure  is  said  to  be  symmetrical  with  regard  to  a  line, 
when  every  perpendicular  to  the  line  meets  the  -figure  at 
points  Tthich  are  equidistant  from  the  line. 

Hence  a  Circle  is  Symmetrical  with  regard  to  its  Diameter, 
because  the  diameter  bisects  every  chord,  to  which  it  is  per- 
pendicular. 


/?. 


Further,  suppose  AB  to  be  a  diameter  of  the  drcle 
iCBD,  of  which  0  is  the  centre,  and  CD  to  be  a  chord 
perpendicular  to  AB. 

Then,  if  lines  be  drawn  as  in  the  .diagram,  we  know  that 
AB  bisects    . 

(1.)  The  chord  CD,  III.  I. 

(2.)  The  arcs  CAD  and  CBD,  III.  26. 

(3.)  The    angles    CAD,   COD,  CBD,  and  the  reflex 
angle  DOC.  1.4. 

Also,  chord  CB«=  chord  l)B,  1.  4. 

and  chord  -4^=  chord  Af).  I.  4. 

These  Syrametriciil  relations  should  be  cinefiilly  observed, 
because  they  are  often  suggestive  of  methods  for  the  solution 
of  problems.    .  y 
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Proposition  XXX.    Problrm. 
To  biteet  a  gwm  oat. 


Let  A  BC  he  the  given  arc. 

Jt  it  required  to  bisect  the  arc  ADC. 

Join  ACf  and  bisect  the  chord  ACin  D. 
From  D  draw  DBi  to  AC. 


LIO. 
Lll. 


Then  will  the  arc  ABC  he  bisected  in  B.  ^  >  ^ 

Join  BA,  BC.  '^ 

Then,  in  l»  ADB,  CDB, 

V  AD^CD,  and  DB  is  common,  and  i  A  DB  ■■  £  CDB^ 

.'.BA^BC.  1.4. 

But,  in  the  same  circle,  the  arcs,  which  are  subtended  by 
equal  chords,  are  equal,  the  greater  to  the  greater  and  the 
less  to  the  less ;  ,  III.  28. 

and  '.'  BD^  if  produced,  is  a  diameter, 

.*.  each  of  the  arcs  BA^  BC,  is  less  than  a  semicircle, 

and  .'.  arc  £il->Brc  BC. 

Thus  the  arc  ABCii  bisected  in  B. 

Q.  EL  F. 

Ex.  If,  from  any  point  in  the  diameter  of  a  seiuicircle, 
there  be  drawn  two  straight  lines  to  the  circumference,  one 
to  the  bisection  of  the  circumference,  and  thr  other  at  riglit 
angles  to  the  diameter,  the  squares  on  these  two  lines  are 
to«;ether  double  of  th«  square  uu  the  rudiuti.  ^ 
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Proposition  XXXI.    Theorem. 

In  a  circle,  the  angle  in  a  semicircle  is  a  right  angle ;  etnd 
the  angle  in  a  segment  greater  than  a  semicircle  is  less  than  a 
right  angle ;  and  the  angle  in  a  segment  less  than  a  semicircle 
is  greater  than  a  righi  angle. 


Let  ABC  be  a  © ,  0  it8  centre,  and  BC  a  diameter. 
Draw  AG,  dividing  the  ®  into  the  segments  ABC,  ADC. 

Join  BA,  AD,  DC,  AO. 
Then  must  the  l  in  the  semicircle  BAG  be  a  rt.  i ,  and  l  in 
segment  ABC,  greater  than  a  semicircle,  hss  than  a  rt.  l  ,  a»?rf  / 
in  segment  ADC,  less  than  a  semicircle,  greater  than  art.  i . 
First,  •••  BO=AO, .:  l  BA0==  l  ABO ;  I.  a. 

.-.  /  COA  -twice  /.  BAG  ;  I.  32. 

and  '.-  CO=AO,  .'.  i  GAO=  l  AGO  ;  I.  a. 

.-.  I  BOA  =  twice  lCAO;  I.  32. 

.*.  sura  of  /  s  COA,  £0-4  =  twice  sum  of  z  s  BAO,  CAO,  that 
is,  two  right  angles  =  twice  z  BAG. 

.'.  L  BA 0  is  a  right  angle. 
Next,  •.•  L  BAG  is  a  rt.  z  , 
.'.  z  ABC  is  less  than  a  rt.  z  . 
Lastly,  •.•  sum  of  z  s  ABC,  ADC —two  rt.  z  s, 
and  z  ABC  is  less  than  a  rt.  z  , 
.*.  z  ADC  is  greater  than  a  rt.  z . 
Note. — For^p.  simpler  proof  see  page  178. 
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Ex.  1.  If  a  circle  be  described  on  the  radius  of  another  circle 
afli  diameter,  any  straight  line,  drawn  from  the  point,  where 
they  meet,  to  the  outer  circumference,  is  bisected  by  the  in- 
terior one 

Ex.  2.  If  a  straight  line  be  drawn  to  touch  a  circle,  and  be 
parallel  to  a  chord,  the  point,  of  contact  will  be  the  middle 
point  of  the  arc  cut  off  by  the  chord. 

Ex.  3.  If,  from  any  point  without  a  circle,  lines  be  drawn 
touching  it,  the  angle  contained  by  the  tangents  is  double  of 
the  angle  contained  by  the  line  joining  the  points  of  contact, 
and  the  diameter  drawn  through  one  of  them. 

Ex.  4.  The  vertical  angle  of  any  oblique-angled  triangle 
mscribed  in  a  circle  is  greater  or  less  than  a  right  angle,  by  the 
ingle  contained  by  the  base  and  the  diameter  drawn  from  the 
extremity  of  the  base. 

Ex.  6.  If,  from  the  extremities  of  any  diameter  of  a  given 
circle,  perpendiculars  be  drawn  to  any  chord  of  the  circle  that 
is  not  parallel  to  the  diameter,  the  less  perpendicular  shall  be 
equal  to  that  segment  of  the  greater,  which  is  contained  between 
the  circumference  and  the  chord. 

Ex.  6.  If  two  circles  cut  one  another,  and  from  either  point 
)f  intersection  diameters  be  drawn,  the  extremities  of  these 
diameters  and  the  other  point  of  intersection  lie  in  the  same 
straight  line. 

Ex.  7.  Draw  a  straight  line  cutting  two  concentric  circles, 
so  that  the  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  may  be  twice  the  part  intercepted  by  the  circum- 
ference of  the  less. 
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VrnvimtM)^  XXXII.    Theorem. 
If  a  gtralifht  litxt  (ouch  a  circle,  and  from  the  joint  of  contact 
a  utraitjht  llitc,  he,  dmiiui,  cnftinij  the  circle,  the  anglen  made  by 
this  line  with  the,  liiii'.  tinnhiuf/  the  circle  must  be  equal  to  the 
angUa,  which  wrc  in  Iha  alternate  segments  of  the  circle. 


Let  th«  ni.  line  AB  touch  the  ©  CDEF  in  F. 
Draw  tbo  chord  Fl),  divlditiK  the® into  segments  FCD,  FED. 
Thmi  munt  l  DFBtm  l  in  segment  FCD, 
md  L  UFA  "tin  segment  FED. 
From  F  draw  the  chord  FC±  to  AB. 

Th«ii  F(J  is  ft  diameter  of  the  © .  III.  19. 

Take  my  pfc.  M  Jii  the  arc  FED,  and  join  FE,  ED,  DC. 
Then  •/  FDC  k  ji  wetiiicircle, .'.  /  FDC  is  a  rt.  z  ;    III.  31. 
.',  mmi  ii(  L  8  FCD,  CFD^^.  rt.  l  .  I.  32. 

AU«,  Hwm  of  z  »  DFB,  CFD=&  rt.  z  . 
/.  mm  otiH  DFBf  CFD '^mm  of  i  s  FCD,  CFD, 
md  .:  i  DEB"  I  FCD, 
tbftfc  fa,  i  DFB'm  L  in  segment  FCD. 
Agsin, ','  CDEF  ii  a  quadrilateral  fig.  inscribed  in  a  0^ 
.',  mm  o(/.»  FED,  FCD = two  rt.  z  s.         III.  22. 
Abo,  iitttiM  of  z  »  DFA,  DFB=two  rt.  z  s.  I.  13. 

.'.  ftmu  of  ^  §  DFA,  DFB'^mm  of  z  s  FED,  FCD ; 
ttiul jL DFB hfl«i  been  proved  =  lFCD ; 

,'uDFA^iFED, 
tfaftt  if,  ^  i?/^- z  in  segment  i^^D. 
, .  Q.  E.  D. 

Ex.  The  chord  Jdning  iht  pointy  of  ooataQt  of  parallel  tan- 
gentii  in  »  A\me^»ft 
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Proposition  XXXIII.    Problem. 
On  a  given  straight  line  to  describe  a  segment  of  a  drcU 
capable  of  containing  an  angle  equal  to  a  given  angle. 


L 


Let  AB  be  vbe  given  st.  line,  and  C  the  given  l  . 
It  is  required  to  describe  on  AB  a  segment  of  a  d  which  >  \ 
shall  contain  am  —  i  C. 

At  pt.  A  in  St.  line  AB  make  /  BAD=  l  G.      I.  23. 
Draw  AEi.  to  AD,  and  bisect  AB  in  F. 
•    From  F  draw  FOLto  AB,  meeting  AE  in  0.    Join  OB. 
Then  lu/^  8  AGF,  BGF ', 
V  AF=BF,  and  FG  is  comnion,  and  z  AFG=  l  BFG  ; 

:.GA  =  GB.  1.4. 

With  G  as  centre  and  GA  as  radius  describe  a  ©  ABH. 

Then  will  AHB  be  the  segment  reqd. 
For  '.•  AD  iB±to  AE,  &  line  passing  through  the  centre, 

.-.  AD  is  a  tangent  to  the  ©  ABH.  III.  16. 

And  *.*  the  chord  AB  is  drawn  from  the  pt.  of  contact  A, 
.'.  L  BAD=  L  in  segment  AHB,  III:  32. 

that  is,  the  segment  AH.B  contains  an  z  =  z  (7, 
and  it  is  described  on  AB,  as  was  reqd. 

Q.  E.  F. 

Ex.  1.  Two  circles  intersect  in  A,  anH  through  A  is  drawn 
a  straight  line  meeting  the  circles  again  in  P,  ^.  Prove  that 
the  angle  between  the  tangents  at  P  and  ^  is  equal  to  the 
angle  between  the  tangents  at  -4. 

Ex.  2:  From  two  given  points  on  the  game  side  of  a  ^raight 
\  line,  given  in  position,  draw  two  straight  lines  which  shall  con- 
^^toio  a  given  angle^  and  be  tefqiinated  in  the  gIveQ  lipe, 
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Proposition  XXXIV.    Problem. 

To  end  off  a  segment  from  a  given  circle,  capable  of  con- 
taining an  angle  equal  to  a  given  angle. 


■    0 
/     > 


C(/ 


; 


Let  ABC  be  the  given  © ,  and  D  the  given  z  . 

It  in  required  to  cut  off  fr&m  ©  ABC  a  segment  caj)able  of 
containing  an  i  =  iD. 

Draw  the  st.  line  EBF  to  touch  the  circle  at  B. 

At  B  make  l  FBG  =  lD. 

Then  *.*  the  chord  BG  is  drawn  from  the  pt.  of  contact  B, 

.'.  L  FBC  =  L  in  segment  BACy  III.  32. 

that  is,  the  segment  BAC  contains  an  z  —  z  D ; 
and  .'.  a  segment  has  been  cut  off  from  the  ®,  as  was  reqcl. 

Q.  E.  F. 

Ex.  1.  If  two  circles  touch  internally  at  a  point,  any  straijrht 
line  passing  through  the  point  will  divide  the  circles  into  sc:- 
ments,  capable  of  containing  equal  angles. 

Ex.  2.  Given  a  side  of  a  triangle,  its  vertical  anple,  and  the 
radius  of  the  circumscribing  circle  :  construct  the  triangle. 

Ex.  3.  Given  the  base,  vertical  angle,  and  the  perpendicular 
from  the  extremity  of  the  base  on  the  opposite  side  :  construct 
the  triaDgle. 
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Proposition  XXXV.    Theorem. 
If  two  chords  in  a  circle  cut  one  another,  the  rectangle  con- 
tained by  the  segments  of  one  of  them,  is  equal  to  the  rectangle 
contained  by  the  segments  of  the  other. 


I'    ' 


Let  the  chords  AG,  BD  in  the  ©  ABCD  inteisect  in  the  pt.  P. 

Then  must  rect.  AP,  PC=rcct.  BP,  PD. 

From  0,  the  centre,  draw  OM,  ON  ±  s  to  AC,  BD, 

Hnd  join  OA,  OB,  OP. 

Then  *.•  AC  is  divided  equally  in  Af  and  uneqjially  in  P, 

.*.  rect.  AP,  PC  with  sq.  on  MP=sq.  on  AM.     II.  5. 

Adding  to  each  the  sq.  on  MO, 

rect.  AP,  PC  with  sqq.  on  MP,  JlfO=sqq.  on  AM,  MO  ; 

.'.  rect.  AP,  PC  with  sq.  on  OP =sq.  on  OA.       I.  47. 
In  the  same  way  it  may  be  shewn  that 

rect.  BP,  PD  with  sq.  on  OP =scj.  on  OB. 
Then  •.*  sq.  on  OJ.=sq.  on  OB. 
:.  rect.  AP,  PC  with  sq.  on  0P= rect.  BP,  PD  with  sq. 
ou  OP', 

, .-.  rect.  AP.  PC  =rect.  BP,  PD.         q.  e.  d. 

Ex'.  1.  A  and  B  are  fixed  points,  and  two  circles  are 
described  passing  through  them  ;  PCQ,  P  CQ'  are  chords  of 
these  circles  intersecting  in  C,  a  point  in  AB ;  shew  that  the 
rectangle  CP,  CQ  is  equal  to  the  rectangle  CP',  CQ'. 

Ex.  2.  If  through  any  point  in  the  common  chord  of  two 
circles,  which  intersect  one  another,  tbeie  be  drawn  any  two 
other  chords,  one  in  each  circle,  their  four  extremities  shall  all 
lie  in  the  circumference  of  a  circle. 


km. 


Bookm.l 


PROPOSITION  xxxvr. 


i<7 


pt.  P. 

inP, 
II.  5. 


U0\ 
1.47. 


with  sq. 

\.  E.  D. 
rcles  are 
jhords  of 
tbat  the 

d  of  two 
any  two 
s  shall  all 


Proposition  XXXVI.    Tiikoukm. 

//,  frvm,  any  point  without  a  circle,  two  atraight  lines 
be  dratm,  one  of  which  cuti  the,  rlirle,  and  the  other  touches 
it ;  the  rectangle  contahud  hi  the.  whole  line  whir'i  oifn  He 
circle,  and  the  part  of  it  without  the  circle,  inmt  >  e  equa'  to 
the  square  on  ilie,  inie  which  touchet  it. 


Let  D  be  any  pt.  without  the  0  ABO, 

and  let  the  st.  lines  DBA,  DC  be  drawn  to  cut  und  touch  the  0. 

Then  must  rect.  AD,  DBmmnq,  on  DO. 

From  0,  the  centre,  draw  OM  biiectiiii<  -^^  i"  ^♦^i 

and  join  05,  00,  OD. 
Then  ".•  AB  is  bisected  in  M  and  produced  to  I>, 
.'.  rect.  AD,  DB  with  »q.  on  iO»tiq.  on  MD.    II.  6. 
Adding  to  each  the  sq.  on  MO, 
rect.  AD,  DB  with  sqq.  on  MB,  MO— sqq.  on  MD,  MO. 
Now  the  angles  at  M  and  0  ore  rt,  z  »  ;    III,  3  and  18. 
.*.  rect.  AD,  DB  with  sq.  on  OJ^—gcj.  on  01)  ; 
.*.  rect.  AD,  DB  with  sq.  on  OB ^nqq.  on  00,  DO.    1.  47. 
And  sq.  on  OJS—sq.  on  00 ; 
•.  rect.  AD,  DB'^nq.  on  DC,  Q.  B.  D. 
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Proposition  XXXVII.  Theorem. 
If,  frmn,  a  'point  without  a  circle,  (lure  he  drmon  two  straight 
lines,  one  of  which  cuta  the  circle,  and  the  other  meets  it ;  if 
the  rectangle  contained  by  the  whole  line  which  cuts  the  circle, 
and  the  part  of  it  ivithout  the  circle,  be  equal  to  the  square  on 
the  liiu  ivnich  meets  it,  the  line  which  meets  must  touch  the  circUk 


Let  ^  be  a  pt.  without  the  ©  BCD,  of  which  0  is  the  centre. 
From  A  let  two  st.  lines  A€D,  AB  be  drawn,  of  which 
ACD  cuts  the  ©  and  AB  meets  it. 

Then  if  rect.  DA,  AG=sq.  on  AB,  AB  mtist  touch  the  ®. 

Draw  AE  touching  the  ©  in  E,  and  join  OB,  OA,  OE. 

Then  *.•  ACD  cuts  the  ©,  and  AE  touches  it, 

.-.  rect.  DA,  AC=s({.  on  AE.  ITT.  36. 

But  rect.  DA,  AC=sq.  on  AB ;  Hyp. 

.*.  sq.  on  AB=sq.  on  AE ; 
.:  AB=AE. 
Then  in  the  as  OAB,  OAE, 
V  0B=0E,  and  OA  is  common,  and  AB=AE, 


.'.  L  ABO  =  z  AEO. 
But  /  AEO  is  a  rt.  z  ; 
.'.  z  ABO  is  a  rt.  z  . 
Now  BO,  if  produced,  is  a  diameter  of  the  © ; 
.'.  AB  touches  the  ®. 


I.e. 
III.  18. 


III.  16. 
Q.  B.  P. 


K*; 
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Afwc«//aneoiM  Exercists  on  Book  III. 

>  1.  The  segments,  into  which  a  circle  is  cut  by  any  straight 
line,  contain  angles,  whose  difference  is  equal  to  the  inclination 
to  each  other  of  the  straight  lines  touching  the  circle  at  the  ex* 
tremities  of  the  straight  line  which  divides  the  circle. 

S.  If  from  the  point  in  which  a  number  of  circlus  touch  each 
other,  a  straight  line  be  drawn  cutting  all  the  circles,  shew 
that  the  lines  which  join  the  points  of  intersection  in  each  circle 
with  its  centre  will  be  all  parallel 

3.  From  a  point  Q  in  a  circle,  QN  is  drawn  perpendicular  to 
a  chord  PP'^  and  QM  perpendicular  to  the  tangent  at  P :  shew 
that  the  triangles  NQP*,  QPM  are  equiangular. 

4.  AB,  AC  are  chords  of  a  circle,  and  D,  E  are  the  middle 
points  of  their  arcs.  If  DE  be  joined,  shew  that  it  will  cut 
off  equal  parts  from  AB,  AG. 

5.  One  angle  of  a  quadrilateral  figure  inscribed  in  a  circle  is 
a  right  angle,  and  fiom  the  centre  of  the  circle  perpendiculars 
are  drawn  to  the  sides,  shew  that  the  sum  of  their  squares  is 
equal  to  twice  the  square  of  the  radius. 

6.  A  is  the  extremity  of  the  diameter  of  a  circle,  0  any 
point  in  the  diameter.  The  chord  which  is  bisected  at  0  sub- 
tends a  greater  or  less  angle  at  A  than  any  other  chord  through 
0,  according  as  0  and  A  are  on  the  same  or  opposite  sides  of 
the  centre. 

7.  If  a  straight  line  in  a  circle  not  passing  through  the  centre 
be  bisected  by  another  and  this  by  a  third  and  so  on,  prove  that 
the  points  of  bisection  continually  approach  the  centm  of  the 
circle. 

8.  If  a  circle  be  described  passing  through  the  opposite 
angles  of  a  parallelogram,  and  cutting  the  four  sides,  and  the 
points  of  intersection  be  joined  so  as  to  form  a  hexagon,  the 
straight  lines  thus  drawn  shall  be  parallel  to  each  other. 

9.  If  two  circles  touch  each  other  externally  and  any  third 
lob  both,  prove  that  the  difference  of  the  distances  of 
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the  centre  of  the  third  circle  from  the  centres  of  the  other  two 
is  invariable. 

10.  Draw  two  concentric  circles,  such  that  those  chords  of 
the  outer  circle,  which  touch  the  inner,  may  equal  its  diameter. 

11.  If  the  sides  of  a  quadrilateral  inscribed  in  a  circle  be 
bisected  and  the  middle  points  of  adjacent  sides  joined,  the 
circles  described  about  the  triangles  thus  formed  are  all  equal 
and  all  touch  the  original  circle. 

1 2.  Draw  a  tangenir  to  a  circle  which  shall  be  parallel  to  a 
given  Bnite  stniight  line. 

13.  Describe  a  circle,  which  shall  have  a  given  radius,  and 
its  centre  in  a  given  straight  line,  and  sbitll  also  touch  anothei 
straight  line,  inclined  at  a  given  angle  to  the  former. 

14.  Find  a  point  in  the  diameter  produced  of  a  given  circle, 
from  which,  if  a  tangent  be  drawn  to  the  circle,  it  shall  be 
equal  to  a  given  straight  line. 

16.  Two  equal  circles  intersect  in  the  points  A^  B,  and 
through  B  a  straight  line  CBM  is  drawn  cutting  them  again  in 
C,  M.  Shew  that  if  with  centre  C  and  radius  BM  a  circle  be 
described,  it  will  cut  the  circle  ABC  in  a  point  L  such  that  arc 
^L=arc  AB. 

Shew  also  that  LB  is  the  tangent  at  JB. 

16.  AB  is  any  chord  and  AG  &  tangent  to  a  circle  at  A  ; 
GDE  a  line  cutting  the  circle  in  D  and  JS?  and  parallel  to  AB. 
Shew  that  the  triangle  ACD  is  equiangular  to  the  triangle 
EAB. 

17.  Two  equal  circles  cut  one  another  in  the  points  A.  B  \ 
BG  is  a  chord  equal  to  AB  ;  show  that  AG  is  a  tangent  to  the 
other  circle. 

18.  A,B  ara  two  points  ;  with  centre  B  describe  a  circle, 
such  that  its  tangent  from  A  shall  be  equal  to  a  given  line. 

19.  The  perpendiculars  drawn  from  the  angular  points  of  a 
triangle  to  the  opposite  sides  pass  through  the  same  point 
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20.  If  perpendiculars  be  dropped  from  the  angular  points  of 
a  triangle  on  the  opposite  sides,  shew  that  the  sum  of  the 
squares  on  the  sides  of  the  triangle  is  equal  to  twice  the  sum  of 
the  rectangles,  contained  by  the  perpendiculars  and  that  part  of 
each  intercepted  between  the  angles  of  the  triangles  and  the 
point  of  intersection  of  the  perpendiculars. 

21.  When  two  circles  intersecSi,  their  common  chord  bisects 
their  common  tangent. 

22.  Two  circles  intersect  in  A  and  B.  Two  points  C  and  D 
are  taken  on  one  of  the  circles  ;  CA^  GB  meet  the  other  circle 
in  E,  F,  and  DA,  DB  meet  itmG,H:  shew  that  FG  is 
parallel  to  EE. 

23.  A  and  B  are  fixed  points,  and  two  circles  are  described 
passing  through  them  ;  C'.^,  CP'  are  drawn  from  a  point  C  on 
AB  produced,  to  touch  the  circles  in  P,  P' ;  shew  that 
CP=CP'. 

24.  From  each  angular  point  of  a  triangle  a  perpendicubr  is 
let  fall  upon  the  opposite  side  ;  prove  that  the  rectp  igies  con- 
tained by  the  segments,  into  which  each  perpendicular  is  divided 
by  the  point  of  intersection  of  the  three,  are  equal  to  each  other. 

25.  If  from  a  point  without  a  circle  two  equal  straight  lines 
be  drawn  to  the  circumference  and  produced,  shew  that  they 
will  be  at  the  same  distance  from  the  centre. 

26.  Let  0,  (y  be  the  centres  of  two  circles  which  cut  each 
other  in  A,  A'.  Let  B,  B'  be  two  points,  taken  one  on  each 
circumference.  Let  r*,  C  be  the  centres  of  the  circles  BA  Ii\ 
BA'B'.  Then  prove  that  the  angle  CBC  is  the  supplement  of 
the  angle  OA'(y, 

27.  The  common  chord  of  two  circles  is  produced  to  any 
point  P ;  PA  touches  one  of  the  circles  in  A  ;  PBG  is  any 
chord  of  tlie  other  :  shew  that  the  circle  which  passes  through 
A,  By  C  touches  the  circle  to  which  PA  is  a  tangent. 

28.  Given  the  base  of  a  triangle,  the  vertical  angle,  and  the 
length  of  the  line  drawn  from  the  vertex  to  the  middle  point  of 
Uie  base :  construct  the  thangie. 
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29.  If  a  circle  be  described  about  the  triangle  ABC^  and  a 
straight  line  be  drawn  bisecting  the  angle  BAG  and  cutting 
the  circle  in  D,  shew  that  the  angle  BGB  will  be  equal  to  half 
the  angle  BAC. 

30.  If  the  line  AD  bisect  the  angle  A  in  the  triangle  ABCy 
and  BD  be  drawn  without  the  triangle  making  an  angle  with 
JBC  equal  to  half  the  angle  BAC^  shew  that  a  cii'cle  luay  be 
described  about  ABCD. 

31.  Two  equal  circles  intersect  ia  A,B:  FQT  perpendicular 
to  AB  meets  it  in  Tand  the  circles  in  P,  Q.  AP,  BQ  meet  in 
B  ;  AQ,  BP  in  8 ;  prove  that  the  angle  BTS  is  bisected  by 
TF. 

32.  If  the  angle,  contained  by  any  side  of  a  quadrilateral  and 
the  adjacent  side  produced,  be  equal  td  the  opposite  angle  of 
the  quadrilateral,  prove  that  any  side  of  the  quadrilateral  will 
subtend  equal  angles  at  the  opposite  angles  of  the  quadrilateral. 

33.  If  DE  be  drawn  parallel  to  the  base  BC  of  a  triangle 
ABC,  prove  that  the  circles  described  about  the  triangles  ABC 
and  ADE  have  a  common  tangent  at  ^. 

34.  Describe  a  square  equal  to  the  difference  of  two  given 
squares. 

35.  If  tangents  be  drawn  to  a  circle  from  any  point  without 
it,  and  a  third  line  be  drawn  between  the  point  and  the  centre 
of  the  circle,  touching  the  circle,  the  perimeter  of  the  triangle 
formed  by  the  three  tangents  wLU  be  the  same  for  all  positions 
of  the  third  point  of  contact. 

36.  If  on  the  sides  of  any  triangle  as  chords,  circles  be  de- 
scribed, of  which  the  segments  external  to  the  triangle  contain 
angles  respectively  equal  to  the  angles  of  a  given  triangle,  those 
circles  wOl  intersect  in  a  point. 

37.  Prove  that  if  ABC  be  a  triangle  inscribed  in  a  circle, 
such  that  BA'^'BC,  and  A  A'  be  drawn  parallel  to  BC,  meeting 
the  circle  again  in  A\  and  A'B  be  joined  cutting  ^0  in  E,  BA 
touches  the  circle  described  about  the  triangle  AEA'. 

38.  Describe  a  circle,  cutting  the  sides  cf  a  given  square,  so 
that  its  circumference  may  be  divided  at  the  points  of  inters 
section  into  eight  equal  arcs. 


tl 

m 


ei 


Book  ffij      MlSCRtLAM&OV&  £X£RCTS£S. 


m 


39.  AB  is  the  diameter  of  a  semicircle,  D  and  E  any  two 
points  on  its  circumference.  Shew  that  if  the  chords  joining 
A  and  B  with  i>  and  JE?,  either  way,  intersect  in  F  and  G,  the 
uingents  at  D  and  il^  meet  in  the  middle  point  of  the  line  FO, 
and  that  FO  produced  is  at  right  angles  to  AB. 

40.  Shew  that  the  square  on  the  tangent  drawn  from  any 
point  in  the  outer  of  two  concentric  circles  to  the  inner  equals 
the  difference  of  the  squares  on  the  tangents,  drawn  from  any 
point,  without  both  circles,  to  the  circles. 

41.  K  from  a  point  without  a  circle,  two  tangents  PT,  PT', 
at  right  angles  to  one  another,  be  drawn  to  touch  the  circle, 
and  if  from  T  any  chord  TQ  be  drawn,  and  from  T  a  perpen* 
dicular  TM  be  dropped  on  TQy  then  TM=QM. 

42.  Find  the  loci : 

(1.)  Of  the  centres  of  circles  passing  through  two  given  points. 

(2.)  Of  the  middle  points  of  a  system  of  parallel  chords  in  a 
circle. 

(3.)  Of  points  su'jh  that  the  difference  of  the  distances  of  each 
from  two  given  straight  lines  is  equal  to  a  given  straight  line. 

(4.)  Of  the  centres  of  circles  touching  a  given  line  in  a  given 
point. 

(5.)  Of  the  middle  points  of  chords  in  a  clv'cle  that  pass 
through  a  given  point. 

(6.)  Of  the  centres  of  circles  of  given  radius  which  touch  a 
given  circle. 

(7.;  Of  the  middle  points  of  chords  of  equal  length  in  a  circle. 

(8.)  Of  the  middle  points  of  the  straight  li^es  drawn  from  a 
given  point  to  meet  the  circumference  of  a  given  circle. 

43.  If  the  base  and  vertical  angle  of  a  triangle  be  given,  find 
the  locus  of  the  vertex. 


44.  A  straight  line  remains  parallel  to  itself  while  one  of  its 
extremities  describes  a  circle.  What  is  the  locus  of  the  other 
extremity  ? 
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45.  A  ladder  gUps  down  between  a  vertical  wa!l  and  a 
horizontal  plane :  what  is'ihe  locus  of  its  middle  point? 

46.  ^  60  is  a  line  drawn  from  a  point  A^  without  a  circle, 
to  meet  the  circumference  in  ,B  and  G.  Tangents  are  drawn 
to  the  circle  at  B  and  0  which  meet  in  D.  What  is  the  locus 
of2>' 

47.  The  angular  points  -4, 0  of  a  parallelogram  ABCD 
move  on  two  fixed  straight  lines  OA,  00,  whose  inclination  is 
equal  to  the  angle  BOD ;  shew  that  or.  ?  of  the  points  B,  D, 
which  is  the  more  remote  from  0,  will  move  on  a  fixed  straight 
line  passing  through  0, 

48.  On  the  line  AB  is  described  the  segment  of  a  circle  in 
the  circumference  of  which  any  point  0  is  taken.  If  AO,  BG 
be  joined,  and  a  point  P  taken  in  AO  so  that  OP  is  equal  to 
CB,  find  the  locus  of  P. 

49.  The  centre  of  the  circVi  OBEDiBon  tht  circumfei  en(.e 
of  ABP  If  from  any  point  A  the  lines  ABO  and  ^i'D  be 
drawn  to  cut  the  circlcM,  the  chord  BE  is  parallel  to  OD. 

50.  If  a  parallelogram  be  described  having  the  diameter  of 
a  given  circle  for  one  of  its  sides,  and  the  intersection  of  it? 
diagonals  on  the  circumference,  shew  that  the  extremity  of 
each  of  the  diagonals  moves  on  the  circumference  of  anothei 
circle  of  double  the  diameter  of  the  first. 

51.  One  diagonal  of  a  quadrilateral  inscribed  in  a  circle  is 
fixed,  and  the  other  of  constant  length.  Shew  that  the  sides 
will  meet,  if  produced,  on  the  circumferences  of  two  fixed 
circles. 
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We  here  insert  Euclid's  proofs  of  Props.  23,  24  of  Book  IIL 
first  observing  that  he  gives  the  following  definition  of  similar 
segments: — 

Def.  Similar  eefftnenis  of  cir-  9  are  those  in  whith  the  anglet 
are  eqv4d,  or  which  contain  equci  angles. 


Proposition  XXIII.    Theorek. 

Upon  the  same  straight  line,  and  upon  the  same  side  of  tf, 
there  cannot  be  two  simila/r  segments  of  eircleSf  not  coinciding 
with  each  other. 


1 

4 


If  it  be  possible,  on  the  same  base  AB,  and  on  the  same  tide 
.^f  it,  let  there  be  two  similar  segments  of  ©s,  ABC,  ABD^ 
which  do  not  coincide. 

Because  ©  ADB  cuts  ®  ACB  in  pts.  A  and  B,  they  cannot 
cut  one  another  in  any  other  pt.,  and  .'.  one  of  the  segutents 
must  fall  within  the  other. 

Let  ADB  fall  within  ACB. 

Draw  the  st.  line  BDC  and  join  CA,  DA. 

Then  •.*  segment  ADB  is  similar  to  segment  ACBf 

.'.  L  ADB=  L  ACB. 

Or  , the  extr.  ^  of  a  A  =the  intr.  and  opposite/,  which  is 
impossible ; 

.'•  th$  segments  cftnnot  but  coincide. 

(f  K.  0. 
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Proposition  XXIV.    Theori5M. 


Similar  segments  0/  cvrdea,  upon 
Aqual  to  one  another. 


equal  straight  lines,  are 


B     J! 


Let  ABCj  DEF  be  similar  segments  of  0s  on  equal  st.  lines 
AB,  DE. 

Then  must  segment  ABC = segment  DEF. 

For  if  segment  ABC  be  applied  to  segment  DEF,  so  that 
A  may  be  on  D  nnd  AB  on  DE,  then  B  will  coincide  with  JS, 
and  AB  with  DE  ; 

.'.  segment  ABC  must  also  coincide  with  segment  DEF ; 

*  III.  23. 


.*.  segment  uiJSC= segment  DEF, 


Ax.  8. 


Q.  B.  D. 


We  gave  one  Proposition,  CV  page  150,  as  an  example  of  the 
way  in  which  the  conceptions  of  Flat  and  Reflex  Angles  may 
be  employed  to  -xtend  and  simplify  Euclid's  proofs.  We  here 
give  the  proofs,  based  on  the  same  conceptions,  of  the  impoi- 
tant  propositions  xxji.  and  xxxi. 
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PnoPosiTioM  XXII.    Theorem. 

'£%(,  oppoHU  anffltiS  0/  any  quadrilateral  figure,  inscribed  in 
a  cfircUf  a/ra  toyelfur  equal  to  two  right  angles. 


20. 


Let  ABCD  he  a  qtiodrilaieral  fig.  inscribed  in  a  ®. 

Then  nmgt  eaeh  pair  of  its  ojiposite  1$  be  together  e<pial  to 
two  rt.  L  i, 

From  0,  the  centre,  draw  OB,  OD. 

Then  '/  i  UODmiimce  i  BAD,  III.  20. 

and  the  reflex  l  UOB-^tmce  l  BCD,         III.  C.  p.  150. 
',  »um  o(  i»  Ai  0*- twice  sum  of  z  s  BAD,  BCD. 
But  fcum  o(  in  at  Oa.4  right  z  s  ;  I.  15,  Gov.  2. 

,'.  twice  (*m«  ti(  in  BAD,  BCD  ==4  right  z  s  ; 
,'.  Bum  of  m  HAD,  BOD— two  right  /  s. 
Similarly,  it  mny  b^  tthewn  that 

gum  o(  m  ABC,  ADO  "two  right  i «. 

Q.  X.  Ob 


If 
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Proposition  XXXI.    Theorem. 

In  a  drcUf  the  angle  in  a  semicircle  is  a  right  angle ;  and  the 
angle  in  a  segment  greater  than  a  semicircle  is  lesm  than  a  right 
angle  :  and  the  angle  in  a  segment  Use  th  \  a  8emicj,rcle  ii 
■jreat"^  than  a  right  angle. 


Let  ABG  be  a  0,  of  which  0  is  the  centre  and  ±i(J  a 
diameter. 

Draw  AO^  dividing  the  ©  into  the  segments  ABCy  ADO. 

Join  BA,  AD,  DC. 

Then  must  the  l  in  the  semicircle  BAG  he  a  rt.i,  and  l  in 
segment  ABC,  gi  eater  than  a  semicircle,  less  than  a  rt.  l  ,  and  l 
in  segment  A  DC,  less  than  a  semicircle,  greater  than  art.  i  . 

First,  •.•  the  flat  angle  £00=  twice  z  BAC,      III.  C  p.  150. 

.'.  I  BAG  is  a  rt.  /  . 

Next,  •.*  z  BAC  is  a  rt.  z  , 

*,  z  ABC  is  less  than  a  rt.  z  .  I.  17. 

Lastly,  •.•  sum  of  z  s  ABG,  ADG=i\vo  rt.  z  s,  III.  22. 

and  z  ABG  is  less  than  a  rt.  z , 

,*,  I  ADC  is  greater  than  a  rt.  z  . 


q.x.  D. 


BOOK    IV- 

INTRODUCTORY   REMARKS. 

EuouD  gives  In  this  Book  of  the  Elements  a  series  of 
Problemf  relating  to  oases  in  which  circles  nuiy  be  described 
in  or  about  triangles,  squares,  and  regular  polygons,  and  of  the 
last-mentioned  he  treats  of  three  only  : 

the  Pentagon,  or  figure  of  5  sides,  <# 

y,    Hexagon,         ..  6 


» 


Quindecagon, 


n 


it 


15 


» 


» 


The  Student  will  find  it  useful  to  remember  the  following 
Theorems,  which  are  established  and  applied  in  ths  proofs  of 
the  Propositions  in  this  Book. 

I.  The  bisectors  of  the  angles  of  a  triangl<',  square,  or 
regular  polygon  meet  in  a  point,  which  is  the  centre  of  the 
inscribed  circle. 

II.  The  perpendiculars  drawn  from  the  middle  points  of  the 
sides  of  a  triangle,  square,  or  regular  poly>;o[i  meet  in  a  point, 
which  b  the  centre  of  the  circumscribed  circle. 

III.  In  the  case  of  a  square,  or  regular  polygon  the  inscribed 
and  circumscribed  circles  have  a  common  centre. 


rV.  If  the  circumference  of  a  circle  be  divided  into  any 
number  of  equal  parts,  the  chords  joining  each  pair  of  consecu- 
tive points  form  a  regular  figure  inscribed  in  the  circle,  and  the 
tangents  drawn  through  the  points  form  a  regular  figure  de- 
loribed  about  the  cirde. 
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ll» 


tSo 


warns  Ei.iLME^n, 


[BooktV. 


Proposition  I.    Problbu. 

In  a  given  circle  to  draw  a  chord  equal  to  a  given  straight 
Une,  which  is  not  greater  than  the  diameter  of  the  circle. 


f 


•^f. 


Let  ABC  be  the  given  © ,  and  D  the  given  line,  not  greater 
than  the  diameter  of  the  0 . 

Jt  is  required  to  draw  in  the  ©  ABC  a  chord=.D. 

Draw  EC,  a  diameter  of  ©  ABC. 

Then  if  EC~D,  what  was  required  is  done. 

But  if  not,  EC  is  greater  than  D.  From  EC  cut  off  EF=D, 
and  with  centre  E  and  radius  EF  describe  a  ©  AEB,  cutting 
the  ©  ABC  in  A  and  B  ;  and  join  AE. 

Then,  •/  E  is  the  centre  of  ©  AFB, 

.'.  EA=EF, 

and  .'.  EA=D. 

Thus  i«  chord  EA  equal  to  D  has  been  drawn  in  ©  ABO. 

Q.  B.  F. 

Ex.  Draw  the  diameter  of  a  circle,  which  shall  pass  at  a 
given  distance  from  a  given  point. 
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Propobition  II.    PBOBLm. 

In  a  given  circle  to  iiucribe  a  tria/ngle,  equianguUx/r  to  a  given 
ttiangU. 


Let  ABC  he  the  given  0,  and  DEF  the  given  A. 

It  is  required  to  inscribe  in  ®  ABO  a  L,  equiangula/r 
to  A  DEF. 

Draw  OAH  touching  the  ©  ABG  at  the  pt.  A.         III.  17. 

M'^ke  I  GAB=  L  DFE,  and  i  HAC^  L  t)EF.  I.  23. 

Join  BC.    Then  will  A  ABd  bo  tlio  required  A . 

%or  •.•  QAB.  is  a  tangent,  and  AB  Vi  chord  of  the  ® , 

.-.  L  AGB^  L  QAB,  III.  32. 

that  is,  z  ACB^  l  DFE. 

So  also,  I  ABC^  l  HAO,  III.  32. 

that  is,  iABC=^  iDEF\ 

.'.  remaining  i  B^O*" remaining  i  EDF; 

.'.  A  ABC  is  equiangular  to  A  DEF,  and  it  is  inscribed  in 
the  ©  ABC. 

Q.  £.  F. 

Ex.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  prove 
that  the  radii,  drawn  to  the  angular  poiutM,  biHcct  the  angles  of 
the  m»r\jfle. 
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Proposition  III.    Problbil 

Ah<mt  a  gvoen  circle  to  describe  a  triangUf  equiangular  to  a 
given  triangle. 


jr    ^S 


Let  ABC  be  the  given  0 ,  and  DBF  the  given  A . 

It  is  required  to  describe  about   the  Q  a  a  equiangular 
to  A  EDF. 

From  0,  the  centre  of  the  ©/draw  any  radius  OG. 

Produce  EF  to  the  pts.  G,  H. 
Make  z  GOA  =  i  DEG,  and  .l  C0B=  l  DFH.         I.  23. 
Through  A,  By  G  draw  tangents  to  the  © ,  meeting  in  L,  M,  N. 
Then  will  LMN  be  the  A  required. 
For  •.;  ML,  LNy  NM  are  tangents  to  the  0 ,  '% 

J.  the  z  s  at  ^,  J?,  0  are  rt.  i  s.  III.  18. 

Now  z  s  of  quadrilateral  AOGM  together=four  rt.  z  s. ; 
and  of  these  z  0^2f  and  z  OGM  are  rt.  z  s  ; 

.'.  sum  of  z  s  GOA,  AMG=^tvo  rt.  z  s. 
But  sum  of  z  s  DEG,  DEF^two  rt.  z  s  ;  I.  32. 

.-.  sum  of  z  8  GOA,  AMG=  aum  of  z  b  DEG,  DEF, 
and  z  COA=  z  DEG,  by  construction  ; 
/.  lAMG'-  lDEF', 
that  is  iLMN=iDEF. 
Similarly,  it  may  be  shewn  that  z  LNM=  z  DFE ; 
.-.also  iMLN=  /.EDF. 
Thus  »  A  f  equiangular  to  a  DEF,  is  described  about  the  l 

Q.  1.  r. 


Sook  tV.j 
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Ppoposition  IV.    Problem. 
To  inscribe  a  circle  in  a  given  triangle, 
A 


Let  ABC  be  the  given  A. 
1%  is  required  to  inscribe  a  Q  in  the  £s.  ABC. 

JJIsect  zs  ABC,  A^'B  by  the  at  lines  BO,  CO,  meeting 

in  0.  •  1. 9. 

From  0  draw  OD,  OE,  OF,  ±  s  to  AB,  BC,  CA.       1. 12. 

Then,  in  as  EBO,  DBO, 

','  i  EB0=^  l  DBOy  and  i  BEO=  l  BDO,  and  OB  is  common, 

.'.OE^OD.  1.26. 

Similarly  it  may  be  shewn  that  OE—OF. 
If  then  a  ©  be  described,  with  centre  0,  and  radius  OD, 
this  ©  will  pass  through  the  pts.  D,  E,  F ; 

and  •.•  the  i  s  at  D,  E  and  F  are  rt.  z  s, 
0        .'.  AB,  BC,  CA  are  tangents  to  the  ©  ;  IH.  16. 

and  thus  a  ©  DEF  may  be  inscribed  in  the  A  ABC. 

Q.  E.  F. 

Ex.  1.  Shew  thai;,  if  OA  be  drawn/ it  will  bisect  the  angle 
BAG. 

Ex.  2.  If  a  circle  be  inscribed  in  a  right-angled  triangle,  the 
difference  between  the  hypotenuse  and  the  sum  of  the  other 
sides  is  equal  to  the  diameter  ot  the  circle. 

Ex.  3.  Shew  that,  in  an  equilateral  triangle,  the  centre  of 
the  inscribed  circle  is  equidistant  fi^oiu'the  tiiree  angular  points. 

Ex.  4.,  Describe  a  circle,  touching  one  side  of  a  triangle  and 
the  other  two  produced.  (Note,  lliis  u  em^ci  an  escrihed 
circle.) 
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Note.    Euclid's  fifth  Proposition  of  this  Book  haa  been 
already  given  on  page  136. 


Proposition  VI.    Problem. 
To  vmcrihe  a  squa/te  in  a  given  circle. 


Let  ABCD  be  the  given  ©. 

It  is  required  to  inscribe  a  sq%iare  in(he  ®. 

Through  0,  the  centre,  draw  the  diameters  J.C,  BD,  ±  to 
each  other. 

Join  AB,  BG,  CD,  DA. 

Then  •.•  the  z  s  at  0  are  all  equal,  being  rt.  i  s,        I.  Post.  4. 

.-.  the  arcs  AB,  BC,  CD,  DA  are  all  equal,  III.  2ft 

and  .'.  the  chords  AB,  BG,  CD,  DA  are  all  equal ;     III.  29. 

and  z  ABC,  being  the  z  in  a  semicircle,  is  a  rt.  z  .    III.  31. 

So  also  the  z  s  BCD,  CD  A,  DAB  are  rt.  z  s ;" 

I'  .*.  ABCD  is  a  square, 

and  it  is  inscribed  in  the  0  as  was  required.  ,    ' 

Q.  E^  r 
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Proposition  VII.    Paoblim. 
To  duerihea  tquart  about  a  gifWm  circU, 


Let  ABCD  be  the  given  0 ,  of  which  0  is  the  o^tre. 
It  is  required  to  deseribe  a  aqua/re  about  the  0 . 

Draw  the  diameters  AO,  BD,  1  to  each  other. 
Through  A,  B,  C,  D  dmw  EF,  FG,  OH,  HE 
touching  the  0 . 

Then  the  in&tA,  B,  C,  D  are  rt.  z  s. 
Now  '.'  the  z  8  at  A,  0,  C  are  all  rt.  i », 

.'.  FE,  BD,  and  QH  are  all  ij ; 
and  '.'  the  ii  8  at  B,  0,  £)  are  all  rt.  i  s, 
.-.  J'G',  ^C.nnd^HHreallllj 
.-.  J^ and  G^  each- BD, 
and  FQ  and  EH  t uch  -  ul  0. 

And ','BD' AC, 

,\  FE,  OH,  FO,  EH,  are  all  equal 

Again,  *.•  FO  i»  a  £27, 

.-.  i  AFB  Mm  lAOBf 

and  .'.  4  AFB  is  a  rt.  z . 

So  also  the  i»&.tO,  H,  and  JJ  are  rt.  z  s. 

Hei^ce  EFOH  is  a  square,  and  it  is  described  about  the  0. 

Q.  E.  F. 

Ex.  In  a  given  circle  inscribe  four  circles,  equal  to  each 
other,  and  in  mutual  contact  with  each  other  and  with  the 
given  circle. 


III.  17. 
III.  16. 

1.27. 


1.34. 
1.34. 


1.34. 
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To'  imcribt  a  eirek  in  a  given  aqua/re. 


let  ABCD  b@  th@  f^iven  square. 

le  w  required  to  i/merihs  a  ^  in  the  equare.  j 

Bliiiet  AM,  ADiat!fF,  1. 10. 

ftnd  draw  JJOf  ||  to  ^JD  ©f  JlO,  llfld  J'lf  ||  to  AB  or  DO. 
L@t  J^  and  1*:^  lnt@me6t  in  0. 
Then '.'^OliaO, 
,'.  0J?3  JJi  end  Ot'^'MA.  I.  34. 

But  •.•  AB'^AD,  Rnd  =1,  J  m§  the  oiiddle  pts.  of  AB,  AD, 

,',  FA=MAf 

Similarly,  it  may  b©  sbiwfi  that  00= OF,  an '     Tl^OE, 

and  .•.  0^,  OJF,  0^,  OH  are  all  equal ; 

and  a  0 ,  d@s6^bid  with  etntf @  0  and  radius  OE, 

will  pRis  threttgh  J,  J*,  0,  H, 

and  it  will  be  touebid  by  ©fteh  ef  tbe  sides  of  the  square, 

%'  tb©  4  »  ft*  i,  J*,  0,  S^  ttfe  rt.  z  s.  III.  16. 

Thus  a  ©  MF&M  may  bi  ifii6flb@d  in  the  sq.  ABCD. 

-  :■■  Q.  E.  F. 

Ex.  1.  In  what  paralldogfafiii  mn  circles  be  inscribed  r 
Ex.  2.  If,  from  any  point  in  tbi  eireumference  of  a  circle, 
straight  lines  be  drawn  to  th@  angular  points  of  the  inscribed 
square,  the  sum  of  tb@  squaf^i  on  these  four  lines  will  be 
doubly' of  the  squar@  on  tbo  diuiK^ter. 
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Proposition  IX.    Problem. 
To  ducrihe  a  circle  about  a  giiren  square. 


Let  ABCD  be  the  given  square. 

It  is  required  to  describe  a  ©  about  the  «guar8. 

ik&yf  the  diagonals  AC,  BD,  intersecting  each  other  in  O. 

Then  •.•  z  DAC  =  i  ACD,  I.  a. 

and  z  BAC='  alt^emate  z  ACD,  I.  29. 

.'.  I  DAC  =  I  BAC. 

Thus  the  diagonal  J^C  bisects  z  £^D, 

and  .'.  z  0^£s=half  a  rt.  z  . 

Similarly  it  may  be  shewn  that  z  0£J.s=half  a  rt  z  ; 

.-.  z  OBA  =  z  OJB ; 

.-.  0A  =  6b.  I.  B.  Cor. 

Si  oilarly  it  may  be  shewn  that  OC=OB,  and  OD=OA  ; 

.-.  OA,  OB,  OC,  OD  are  all  equal ; 

and  .'.  a  0,  described  with  centre  0  and  radius  OA,  will 
pass  through  A,  B,  C,  D,  and  will  be  described  about  the 
Sf'ii«'^.  as  was  required, 
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Proposition 'X.    Problem. 
To  detcrihe  an  isoscelea  trianghy  having  each  of  the  angle$  at 
the  base  double  of  the  thwd  angle. 


Take  any  st.  line  AB  and  divide  it  in  0, 

BO  that  rect.  AB,  BG  =  sq.  on  AC.  11.  11. 

With  centre  A  and  radius  AB  describe  the  ©  BDE, 
and  in  it  draw  the  chord  BD^'AC;  and  join  AD.  TV.  1. 

Then  ^vill  a  ABD  have  each  of  the  is  at  the  base  double 
of  L  BAD. 
Join  CDf  and  about  the  a  ACD  describe  the  ©  ACD.    IV.  5. 
Then  •.•  rect.  AB,  BC  =  sq.  on  AC,  and  BD=AC, 
.'.  rect.  AB,  BC  —  sq.  on  BD, 
and  .-.  BD  touches  the  ©  ACD.  III.  37. 

Then  *.•  BD  touches  ®  ACD,  and  DC  is  a  chord  of  the  ® 
.-.  z  BDC  =  I  CAD.  III.  32. 

Add  to  each  i  CDA. 
Then  i  BD  A  ==snm  of  z  s  CAD,  CDA, 
.:  L  BDA  =  L  BCD. 
But  L  BDA  =  L  CBD ; 
.-.  L  BCD  =  L  CBD, 
and  .-.  BD  =  CD. 
But  BD=CA; 
.'.  CA  =  CD, 
and  .-.  z  CDA  =  /  CAD. 
Hence  sum  of  z  s  CDA,  CAD  —  twice  z  CAD, 
.:  L  BCD  =  twice  l  BAD. 
But  L  ABD  and  l  ADB  are  each  =  /  BCD, 
.'.  L  ABD  and  z  ADB  are  each  =  twice  z  J5^D ; 
and  thus  an  isosceles  A  APD  has  ]>een  described  a&  wit<. 
yeouired.  Qt  V.  1p 


1.32. 

I.  A. 

I.  &  Cor. 


^.  A. 
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Proposition  XI.    Probusn. 
To  tn«or»6e  a  reguUur  peniagon  in  a  gi/vm  dreli. 


Let  ABODE  be  the  giren  9, 
It  %8  required  to  inscribe  a  regular  pentagon  in  thi  ^, 
Make  an  isosceles  A  FGH,  having  each  of  the  ifi  at  0,  S 
double  of  z  at  jP. 

In  ©  ABODE  inscribe  a,AAOD  equiangular  tot^FO H,    l v.  2. 
having  zs  at  A,  0,  i)=thez8  at  F,  0,  Jf,  reipcctively. 
Then  z  ^DC^twice  z  DAO,  and  i  ^0i>-twic©  i  DAO. 
Bisect  the  i  s  ADO,  AGD  by  the  chords  DB,  OE. 
Join  AB,  BO,  DS,  EA, 
Then  will  ABODE  be  a  regular  pentagon. 
For  •.•  I  s  ADO,  AOD  are  eooh—twlci  z  DAOf 
and  z  s  ^i)C,  AOD  are  bisected  by  1>JI,  CE^ 
.'.  L  s  ^D5,  B   ',;  D^Cf,  ^CZ),  ^(7J?,  are  ftll  equal  j 
and  .-.  arcs  AB,  B' ',  OD,  DE,  EA  are  all  equal ;     111.  26. 
and .-.  chords  AB,  BO,  OD,  DE,  EA  are  all  equal.    111.  29 
Hence,  the  pentagon  ABODE  is  equllatemL 
Again,  *.•  arc  OD'^&ve  AB, 
adding  to  each  arc  AED,  we  hav0 
arc  AEDO'^&rG  BAED, 
and  .-.  z  ABO^  L  BOD.  III.  27. 

Similarly,  z  s  ODE,  DEA,  EAB  each-  I  ABC. 
Hence,  the  pentagon  ABODE  \»  equiangular. 
Thus  a  regular  pentagon  has  been  infctibed  k  the  (D . 

Q.  »  ff 
B3C  Shew  that  OE  is  parallel  to  B4. 
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Proposition  XII.    Probubm. 


To  (tescrt&e  a  re^itJor  pentagon  ahoui  a  gwm  ci/rde. 


I 


Let  ABODE  be  the  giyen  0. 
It  u  required  to  describe  a  regular  pentagon  abdut  the  0. 

Let  the  angular  pts.  of  a  regular  pentagon  inscribed  in  the  (b 
be  at  A,  B,  G,  D,  E, 

so  that  the  arcs  AB,  BC,  CD,  DE,  EA  are  all  equal. 

Through  A,  B,  C,  A  E  draw  GH,  HK,  KL,  LM,  MO 

tangents  to  the  0 ; 

take  the  centre  0,  and  join  OB,  OK,  00,  OL,  OD. 

Then  in  AS  OBK,  OOK, 

'.*  0B=00y  and  OK  is  common,  and  KB>mKO, 

I.  B.  Cor, 

.-.  z  BKO=>  L  OKOy  and  l  BOK"  l  COK, 

that  is,  L  BKO^twioe  l  OKO,  and  z  500- twice  z  OOK. 

3o  also,  ^  Df^C=?  twice  z  OLO,  nnd  z  Z)OC<- twice  z  OOL, 


X?. 


m 


Pkoposttid^  xit. 


i%i 


^  Now  •.•  aro  fC-^aro  OID, 

.♦.  L  BOO-  I  DOO, 

and  .'.  I  COK—  l  COL, 

Hence  in  A  8  OCf,  OCX, 

L  OOK'^  L  COL,  and  rt.  i  OCiC- rt.  l  OOL,  and  OC  il 


eommon. 


l\ 


«  0. 
in  the  (b 

lual. 
LM,  MO 


.%  z  CKO-  z  OiO,  and  OKmmOLt 
and  .'.  z  HiTX-  i  MLK,  and  iSC£-twic0  JTC. 


L& 


Similarly  it  may  be  shewn  that  i  ■  iTlfGt,  HOM,  OML  Moh 
-  z  HKL, 

.*.  the  penta(;on  OHKLM  in  equiangular. 

And  since  it  has  been  shewn  that  ^X«»  twice  KC, 

A        and  it  can  be  shewn  that  ifJC**  twice  KB, 

''^  and  •.•  KB-KCt  I.  B.  Cor. 

.-.  HK-KL 

In  like  manner  it  may  be  shewn  that  HO,  OM^  MLf  aaob 

/.  the  pontHgon  OHKLM  is  eqailatwal. 
Thus  a  regular  pentegon  has  been  Hsioiibed  about  the  9. 

«  ■.  V. 
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Proposition  XIII.    Problem. 
To  VMCxih*  a  drcU  in  a  given  regular  pentagon. 


Let  ABODE  be  the  given  regular  pentagon. 

It  is  required  to  inscribe  a  (5  in  the  penta^fon. 
Bisect  I  a  BCD,  CDE  by  the  st.  lines  CO,  DO,  meeting  in  0. 

^Join  OB,  OA,  OE. 
Then,  in  AH  BCO,  DCO, 
V  BC^DC,  and  CO  is  common,  and  i  BCO'^i  DCO, 

.'.  L  OBC=  L  ODC.  >  1. 4. 

Then,  •.*  l  ABC,'«  l  CDE,  Hyp. 

and  L  CDE '^twke  l  ODO,  i 
.'.  I  ABC=-tmce  I  OBC. 
Hence  OB  bisects  z  ABC. 
In  the  same  way  w^  can  shew  that  OA,  OE  bisect 
the  I  s  BAE,  AED. 
!>raw  OF,  OG,  OH,  OK,  0L±  to  AB,  BC,  CD,  DE,  EA. 
Then,  in  AbGOC,  HOC, 
V  L  GCO^  L  J^CO,  and  l  OGC^  l  OHO, 
and  OC  is  common, 

.\OG=^OH,  1.26. 

So  aUc  i*  may  be  shewn  that  OE,  OL,  OK  are 
each  =  OGfor  OH; 
.'.  OF,  OG,  OH,  OK,  OL  are  all  equal. 
Hence  a  0  described  with  centre  0  and  radius  OF 
will  pass  through  G,  H,  K,  L, 
and  will  touch  the  sides  of  the  pentagon, 
•/  the  z  s  at  1^,  G,  H,  K,  L  are  rt.  z  s.         III.  16. 
Thus  a  ©  will  be  inscribed  in  the  pentagon.  ^  Q.  b.  F. 
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pROPOBinoN  XIV.    Problem. 
To  iueribe  a  circle  ahout  a  given  regular  pentagcn. 


Let  ABODE  be  the  given  regular  pentagon. 

It  is  required  to  describe  a  ©  about Jhe  fentagcn. 

Bisect  the  i  a  BCD,  CDE  by  the  at.  lines  CO,  DO,  meeting 
inO. 

Join  OB,  OA,  OE. 
Then  it  may  be  shewn,  as  in  the  preceding  Proposition,  thot 
OB,  OA,  OE  bisect  the  z  s  CBA,  BAE,  AED. 
,     And  •.•  z  BCD-:-  l  CDE, 
and  L  OOD-half  z  BCD,  and  z  ODC-half  z  CDE, 
.'.  L  OCD=-  L  ODC, 
and  .-.  OD^OC. 
In  the  same  way  we  may  shew  that  OB,  OA,  OE 
each=  Oi)  or  00; 
.*.  OA,  OB,  OC,  OD,  OE  are  all  equal, 
and  a  0  described  with  centre  0  and  radius  OA  will  pa^is 
through  B,  C,  D,  E, 

and  will  be  described  about  the  pentagon. 

Q.B.  F. 
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Proposition  XV.    Problem. 
To  inscribe  a  regular  hexagon  in  a  given  cirde. 


/H^ 


1.32 


Lia 
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Let  ABODES  be  the  given  © ,  of  which  0  is  the  centra 

It  is  required  to  inscribe  a  regular  hexagon  in  the  ©. 

Draw  the  diameter  AOD, 
and  with  centre  D  and  radiita  DO  describe  a  ©  EOCO 
Join  EO,  CO,  and  produce  them  to  B  and  F. 
Join  AB,  BG,  CD,  DE,  EF,  FA. 
Then  '.•  0  is  the  centre  of  ©  ACE, .'.  OE=OD; 
and  •••  D  is  the  centre  of  ©  GCE, .'.  OD=Dl!i ; 

.'.  OED  is  an  equilateral  A, 
and  .'.  I  EOD—ihe  third  part  of  two  rt.  z  8. 
So  also  i  DOC=  the  third  part  of  two  rt.  z  s, 
and  .'.  z  £00=  the  third  part  of  two  rt.  z  s. 
Thus  z  s  EOD,  DOC,  BOC  are  all  equal ;  ' 
and  to  these  the  vertically  opposite  z  s  BOA,  AOF,  FOB 
•re  equal ;  1.  15. 

.-.  z  s  AOB,  BOC,  COT),  DOE,  EOF,  FOA,  are  all  equal, 
and  .-.  arcs  AB,  BC,  CD,  DE,  EF,  FA  are  all  equal. 

III.  26. 
and  .-.  chords  AB,  BC,  CD,  DE,  EF,  FA  are  all  equal 

III.  2a 

Thus  the  hexagon  ABCDEF  is  equilateral 
Also  '.•  each  of  its  z  8= two-thirds  of  two  rt.  z  s, 

,*.  the  hexagon  ABCDEF  is  equiangular. 
Thus  a  regular  hexagon  has  been  inscribed  in  the  0. 

Gt.  B.  r 
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Proposition  XVI.     Problem. 
To  wsonhe  a  regular  qvdndecagon  in  a  given  cirolfc 


Let  ABC  be  the  given  0. 
It  IB  required  to  inscribe  in  the  ®  a  regular  quindecagon. 

Let  AB  be  the  side  of  an  equilateral  A  inscribed  in  ihe  ® , 

IV.  i 
and  AD  the  side  of  a  regular  pentagon  inscribed  in  the  0. 

IV.  11. 
Then  of  such  equal  parts  as  the  whole  Oce  ABC  contains 
Sfteen, 

arc  ADB  must  contain  five, 

and  arc  AD  must  contain  three, 

and  .*.  arc  DB,  their  difference,  must  contain  two. 

Bisect  arc  D£  in  jE.  III.  30*i 

Then  arcs  DE,  EB  are  each  the  fifteenth  part  of  the  whole 
Oce. 

If  then  chords  DE,  EB  be  drawn, 

and.  chords  equal  to  them  be  placed  all  round  the  Oce,    IT.  Ik 

^  regular  quindecagon  wjill  b^  inscribed  in  the  0. 

<J.  »■  r- 
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Miscellaneous  Exercises  on  Book  IV. 

1.  The  perpendiculars  let  fall  on  the  sides  of  an  equilateraV 
dnangle  from  the  centre  of  the  circle,  described  about  th» 
triangle,  are  equal 

2.  Inscribe  a  circle  in  a  given  regular  octagon. 

3.  Shew  that  in  the  diagram  of  Prop.  X.  there  is  a  second 
triangle,  which  has  each  of  two  of  its  angles  double  of  the  third. 

4.  Describe  a  circle  about  a  given  rectangle. 

5.  Shew  that  the  diameter  of  the  circle  which  is  described 
/vttbout  an  isosceles  triangle,  which  has  its  vertical  angle  double 

of  either  of  the  angles  at  the  base,  is  equal  to  the  base   of 
the  triangle. 

6.  The  side  of  the  equilateral  triangle,  described  about  a 
drcle,  is  double  of  the  side  of  the  equilateral  triangle,  inscribed 
in  the  circle. 

V  7.  A  quadrilateral  figure  may  have  a  circle  described  about 
it,  if  the  rectangles  contained  by  the  segments  of  the  diagonals 
be  equal 

8.  The  square  on  the  side  of  an  equilateral  triangle,  inscribed 
in  a  circle,  is  triple  of  the  square  on  the  side  of  the  regular 
hexagon,  inscribed  in  the  same  circle. 

9.  Inscribe  a  circle  in  a  given  rhombus. 

10.  ABG  is  an  equilateral  triangle  inscribed  in  a  circle ; 
tangents  to  the  circle  at  A  and  B  meet  in  M.  Shew  that  a 
diameter  drawn  from  M",  and  meeting  the  circumference  in  D  and 
(7,  bisects  the  angle  AMB,  and  that  DG  is  equal  to  twice  MD. 

11.  Compare  the  areas  of  two  regular  hexagons,  one  in- 
scribed in,  the  other  described  about,  a  given  circle. 

12.  Inscribe  a  square  in  a  given  semicircle. 

13.  A  circle  being  given,  describe  six  other  circles,  each  of 
them  equal  to  it,  and  in  contact  with  each  other  and  with  the 
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14.  Given  the  angles  of  a  triangle,  and  the  perpendiculars 
from  any  point  on  the  three  sides,  construct  the  triangle. 

16.  Having  given  the  radius  of  a  circle,  determine  its  centre, 
when  the  circle  touches  two  given  lines,  which  are  not  parallel 

16.  If  the  distance  between  the  centres  of  two  circles,  which 
cut  one  another  at  right  angles,  is  equal  to  twice  one  of  the 
radii,  the  common  chord  is  the  side  of  the  regular  hexagon, 
inscribed  in  one  of  the  circles,  and  the  side  of  the  equilateral 
triangle,  inscribed  in  the  other. 

17.  If  from  0,  the  centi-e  of  the  circle  inscribed  in  a  triangle 
ABCy  ODy  OE,  OF  be  drawn  peipendicular  to  the  sides  BC, 
CA,  ABf  respectively,  and  from  awy  point  P  in  OP,  drawn 
parallel  to  AB,  perpendiculars  IfQ,  PR  be  drawn  upon  OD 
and  OE  respectively,  or  these  produced,  shew  that  the  triangle 
QRO 10  equiangular  to  the  triangle  AMil 
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EVCLmS  £LEMENTS.       [Books  L  to  iV. 


Euclid  Pa/pers  set  in  the  Mathematical  Tripos  at  Ckmibridge 
fr<m  1848  to  1872. 


Questions  arising  out  of  the  Propositions,  to  which  they 
are  attached,  have  been  proposed  in  the  Euclid  Papers  to 
Candidates  for  Mathematical  Honours  since  the  year  1848. 

A  complete  set  of  these  questions,  so  far  as  they  refer  to 
Books  I.-IV.,  is  here  given.  The  figures  preceding  each  question 
denote  the  particular  Proposition  to  which  the  question  was 
attached.  It  is  expected  that  the  solution  of  each  question  is 
to  be  obtained  mainly  by  using  the  Proposition  which  precedes 
it,  and  that  no  Proposition  which  comes  later  in  Euclid's  order 
should  be  assumed. 

Of  some  of  the  questions  here  given  we  have  already  made 
use  in  the  preceding  pages.  As  examples,  however,  of  what 
has  been  hitherto  expected  of  Candidates  for  Honours,  and  in 
order  to  keep  the  series  of  Papers  complete,  we  have  not 
hesitated  to  lepeat  them. 

1848.  I.  34.  If  the  two  diagonals  be  drawn,  shew  that  a 
parallel ogviun  will  be  divided  into  four  equal 
parts.     In  what  case  will  the  diagonal  bisect 

the  angles  ot  'he  yiariillelogvam ? 

III.  15.  Shew  that  all  equal  straight  lines  in  a  circle 
will  be  touched  by  another  circle. 

m.  20.  If  two  straight  lines  AEB,  CED  in  a  circle 
intersect  in  E,  the  angles  subtended  hj  AG 
and  BD  at  the  centre  are  together  double  of 
the  angle  AEG. 
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1849.  I.  1.  By  a  method  Rimilar  to  that  used  in  this  pro* 
blem,  describe  on  a  given  finite  straight  line 
an  isoBoeles  triangle,  the  sides  of  which  shall 
be  each  equal  to  twice  the  base. 
XL  11.  Shew  that  in  Euclid's  figure  four  other  lines 
beside  the  given  line,  are  divided  in  the  re- 
quired manner. 
IV.  4.  Describe  a  circle  touching  one  side  of  a  triangle 
and  the  produced  parts  of  the  other  two. 

1860.  L  34.  If  the  opposite  sides,  or  the  opposite  angles,  of 
any  quadrilateral  figure  be  equal,  or  if  its 
diagonals  bisect  each  other,  the  quadrilateral 
is  a  parallelogram. 

II.  14.  Given  a  square,  and  one  side  of  a  rectangle 
which  is  equal  to  the  square,  find  the  other 
side. 

III.  31.  The  greatest  rectangle  that  can  be  inscribed  in 

a  circle  is  a  square. 

HI.  34.  Divide  a  circle  into  two  segments  such  that  the 
angle  in  one  of  them  shall  be  five  times  the 
angle  in  the  other. 

IV.  10.  Shew  that  the  base  of  the  triangle  is  equal  to 

the  side  of  a  regular  pentagon  inscribed  in  the 
smaller  circle  of  the  figure. 
1851.  1.  38.  Let  ABC^  ABD  be  two  equal  triangles,  upon 
the  same  base  AB  and  on  opposite  sides  of 
it :  join  CD,  meeting  AB  in  E :  s^ew  that 
OE  is  equal  to  ED, 

I.  47.  If  ABO  be  a  triangle,  whose  angle  ^  is  a  right 
angle,  and  BE^  CF  be  drawn  bisecting  the 
opposite  sides  respectively,  shew  that  four 
times  the  sum  of  the  squares  on  BE  and  CF 
is  equal  to  five  times  the  square  on  BC. 

'  ui.  22.  If  a  polygon  of  an  ev@n  number  of  sides  be  in- 
scribed in  a  circle,  the  sum  of  the  alternate 
angles  together  with  two  right  angles  is  equal 
to  as  many  right  angles  as  the  figure  has  sides. 
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IV.  16.  lu  A  0v«n  drai#  Itisoribe  a  triangle,  whose 
angloi  Ar@  8i  ih«  numbers  2,  5  and  8. 
I.  43.  Divl4«  A  (riUflgle  bjr  two  straight  lines  into 
tbrei  pttfii,  which,  when  properly  arranged, 
Bbull  foftn  A  parallelogram  whose  angles  are 
of  %\ym  inagtiitude. 

IT.  12,  TriAnglii  Af@  dei^cflbed  on  the  same  base  and 
bAVlng  tb@  differenoe  of  the  squares  on  the 
ot)b@f  ild#l  66fi«taiit :  shew  that  the  vertex  of 
Any  irbtigk  li  in  one  or  other  of  two  fixed 
HtrAight  \\m%, 

t7,  3f  Two  squilfitsml  triangles  are  described  about 
tbi  iAfU@  §if eli  i  shew  that  their  intersections 
will  form  A  hgJtagon  equilateral,  but  not  gene- 
rAlly  ipiangular. 
18D3.  LB.Gor.  If  linis  b§  drawn  through  the  extremities  of  the 
hm§  of  an  IsOEtceles  triangle,  making  angles 
with  it,  on  tb@  dde  remote  from  the  vertex, 
6A6b  §qm\  to  one  thu'd  of  one  of  the  equal 
ARgl@8,  And  m@@ting  the  sides  produced,  prove 
tbAt  tbr@§  of  the  triangles  thus  formed  are 


I.  89,  Through  two  gi^en  points  draw  two  lines,  form- 
ing with  A  line,  given  in  position,  an  equi- 
lAtiral  triangk. 

n.  U.  Ib  tb^  flgttr@,  if  M  be  the  point  of  division  of 
(bi  giv@n  lino  AS^  and  DA  be  the  side  of  the 
sqUAfi  wbioh  is  bisected  in  E  and  produced 
to  F,  Afid  if  DE  be  produced  to  meet  BF  in 
Lf  prove  that  DL  is  perpendicular  to  BF,  and 
Is  dlvidgd  by  BE  similarly  to  the  given  line. 

m.  32,  Thi'ongb  a  givon  point  without  a  circle  draw  a 
ehot'd  mob  that  the  difference  of  the  angles 
in  Uio  two  iogments,  into  which  it  divides  the 
Qmkf  may  bo  Oqual  to  a  given  angle. 

ni.  36.  From  a  givon  point  m  centre  describe  a  circle  cut- 
ting A  givon  lino  in  two  points,  so  that  the  rect* 
Anglo  oontainod  by  their  distances  from  a  fixed 
p^t  ia  ih$  UflO  Itiay  be  equal  to  a  given  square 
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1854.  I.  43.  If  K  be  the  common  angular  point  of  the  paral- 
lelograms about  the  diameter,  and  BD  the 
other  diameter,  the  difference  of  the  paral- 
lelograms is  equal  to  twice  the  triangle  BKD, 
u.  li.  Produce  a  given  straight  line  to  a  point  such 
that  the  rectangle  contained  by  the  whole 
line  thus  produced  and  the  part  produced 
shall  be  equal  to  the  square  .on  the  giveo 
straight  line. 
m.  22.  If  the  opposite  sides  of  the  quadrilateral  be  pnv 
duced  to  meet  in  P,  Q,  and  about  the  tri- 
angles so  formed  without  the  quadrilateral 
circles  be  described  meeting  again  in  B,  shew 
that  P,  B,  Q  will  be  in  one  straight  line. 
TV,  10.  Upon  a  given  straight  line,  as  base,  describe  an 
isosceles  triangle  having  the  third  angle 
treble  of  each  of  the  angles  at  the  base. 

1856.  I.  20.  Prove  that  the  sum  of  the  distances  of  any  point 
from  the  three  angles  of  a  triangle  is  greater 
than  half  the  perimeter  of  the  triangle. 

I.  47.  If  a  line  be  drawn  parallel  to  the  bypotenuse 

of  a  right-angled  triangle,  and  each  of  the 
acute  angles  be  joined  with  the  points  where 
this  line  intersects  the  sides  respectively  oppo- 
site to  them,  the  squares  on  the  joining  lines 
are  together  equal  to  the  squares  on  the  hypo- 
tenuse and  on  the  line  drawn  parallel  to  it. 

II.  9.  Divide  a  given  straight  line  ^:ito  two  parts,  such 

that  the  square  on  one  of  them  may  be 
double  of  the  square  on  the  other,  without 
employing  the  Sixth  Book. 
IIL  27.  If  any  number  of  triangles,  upon  the  same  base 
BCj  and  on  the  same  side  of  it,  have  their 
vertical  angles  equal,  and  perpendiculars 
meeting  in  D  be  drawn  from  B,  C  upon  the 
opposite  sides,  find  the  locus  of  D,  and  shew 
that  all  the  lines  which  bisect  the  angle  BDC 
pass  through  the  same  point. 
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1866.  lY.  4.  If  the  circle  inscribed  in  a  triangle  ^  BO  touch 
the  sides  ABy  ACm  the  points  D,  J?,  and  a 
straight  line  be  drawn  from  A  to  the  centre 
of  the  circle,  meeting  the  circumference  in  G, 
shew  that  Q  is  the  centre  of  the  circle  in- 
scribed in  the  triangle  ADE. 

1866.  I.  34.  Of  all  parallelograms,  which  can  be  formed  with 

diameters  of  given  length,  the  rhombus  is 
the  greatest. 

II.  12.  If  ABy  one  of  the  equal  cides  of  an  isosceles 
triangle  ABG^  be  produced  beyond  the  btise 
to  D,  so  that  BL—AEj  shew  that  the  square 
on  CD  is  equal  to  the  square  on  AB  together 
with  twice  the  square  on  BC. 

XV.  16.  Shew  how  to  derive  the  hexagon  from  an  equi- 
lateral triangle  inscribed  in  the  cucle,  and 
from  this  construction  shew  that  the  side  of 
the  hexagon  equals  the  radius  of  the  circle, 
and  that  the  hexagon  is  double  of  the  tri- 
angle. 

1867.  I.  36.  ABC  is  an  isosceles  triangle,  of  which  A  is  the 

vertex:  AB,  AC  are  bisected  in  D  and  E 
respectively  ;  BE,  CD  intersect  in  F :  shew 
that  the  triangle  ADE  is  equal  to  three  times 
the  triangle  DEF. 

n.  13.  The  base  of  a  triangle  is  given,  and  is  bisected 
by  the  centre  of  a  given  circle,  the  circum- 
ference of  which  is  the  locus  of  the  vertex : 
prove  that  the  sum  of  the  squares  on  the  two 
sides  of  the  triangle  is  invariable. 

m.  22.  Prove  that  the  sum  of  the  angles  in  the  fonr 
segments  of  the  circle,  exterior  to  the  quadri- 
lateral, is  equal  to  six  right  angles. 

IV.  4.  Circles  are  inscribed  in  the  two  triangles  formed 
by  drawing  a  perpendicular  from  an  angle  of 
a  triangle  upon  the  opposite  side,  and  analo- 
gous circles  are  described  in  relation  to  the 
two  other  like  perpendiculars :  prove  that  the 
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sum  of  the  diameteri  of  the  lix  eirolM  toge- 
ther with  the  sum  of  the  ildM  of  tbf  origiMl 
triangle  is  equal  to  twio9  tb«  sum  of  tha  thrt* 
perpendiculars. 

1858.  L  28.  Assuming  as  an  axiom  that  two  itrafght  lines 
cannot  hoth  be  parallel  to  tht  iam«  itrnight 
line,  deduce  Euclid's  sixth  postulato  oi  a 
corollary  of  the  proposition  riforrtd  to. 
n.  7.  Produce  a  given  straight  line,  lo  that  th«  lutn 
of  the  squares  on  the  given  Un«  and  th«  part 
produced  may  be  equal  to  twice  the  rectangle 
contained  by  the  whole  line  thuf  produced  and 
the  produced  part 
m.  19.  Describe  a  circle,  which  shall  touch  •  0ven 
straight  line  at  a  given  point  and  biieot  the 
circumference  of  a  given  circle. 

1869.  L  41.  Trisect  a  parallelogram  by  straight  linee  drawn 
from  one  of  its  angular  points. 
iL  13.  Prove  that,  in  any  quadrilateral,  the  squares 
on  the  diagonals  are  together  equal  to  twice 
the  sum  of  the  squares  on  the  straight  lines 
joining  the  middle  points  of  opposite  sides. 

in.  31.  Two  equal  circles  touch  each  other  externally, 
and  through  the  point  of  contact  chords  ate 
drawn,  one  to  each  circle,  at  right  angles  to 
each  other:  prove  that  the  straight  line, 
joining  the  other  extremities  of  these  chords, 
is  equal  and  parallel  to  the  straight  line 
joining  the  centres  of  the  circles. 
lY.  4.  Triangles  are  constructed  on  the  same  base  with 
equal  vertical  angles :  prove  that  the  locus 
of  the  centres  of  the  escribed  circles,  each  of 
which  touches  one  of  the  sides  externally 
and  the  other  side  and  base  produced,  is  an 
ore  of  a  circle,  the  centre  of  which  is  on  the 
circumference  of  the  circle  oiroumsoribing  the 
triangles. 
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1860.  L  86.  If  a  straight  line  DME  be  drawn  through  the 

middle  point  Af  of  the  baae  hO  of  a  triangle 
ABQ^  80  as  to  cut  off  equal  parts  AD^  AB 
from  the  sides  AB,  AC,  produced  if  neces- 
sary, respeotively,  then  shall  BD  be  equal  to 
CE. 

II.  14.  Shew  how  to  construct  a  rectangle  which  shall 
be  equal  to  a  given  square  ;  (I)  when  the 
sum,  and  (2)  when  the  difference  of  two  ad- 
jacent sides  is  given. 

III.  36.  If  two  chords  AB,  ^C  be  drawn  from  any  point 
Aot  9.  circle,  and  be  produced  to  D  and  E, 
80  that  the  rectangle  AC,  AESa  equal  to  the 
rectangle  AB,  AD,  then,  if  0  be  the  centre 
of  the  circle,  ^0  is  perpendicular  to  DB, 

vt.  10.  If  A  be  the  vertex,  and  BD  the  base  of  the 
constructed  triangle,  D  being  one  of  the  points 
of  intersection  of  the  two  circles  employed  in 
the  construction,  and  E  the  other,  and  AE 
be  drawn  meeting  BD  produced  in  F,  prove 
that  FAB  is  another  isosceles  triangle  of  the 
same  kind. 

1861.  L  32.  If  ABO  be  a  triangle,  in  which  C  b  a  right 

angle,  shew  how,  by  means  of  Book  I.,  to 
draw  a  straight  line  parallel  to  a  given 
straight  line  so  as  to  be  terminated  by  OA 
and  GB  and  bisected  hy  AB. 

n.  13.  If  ABO  be  a  ti-iangle,  in  which  (7  is  a  right 
angle,  and  DE  be  drawn  from  a  point  D  in 
AO  at  right  angles  to  AB,  prove,  without 
using  Book  III.,  that  the  rectangles  AB,  AE 
and  AO,  AD  will  be  equal 

HL  32.  Two  circles  intersect  in  A  and  B,  and  OBD  is 
drawn  perpendicular  to  AB  to  meet  the 
circles  in  0  and  D ;  if  AEF  bisect  either  the 
interior  or  exterior  angle  between  OA  and 
DA,  prove  that  the  tangents  to  the  circles  ai 
E  and  F intersect  in  a  point  onAB  prodaosd> 
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1861.  IV.  4.  Describe  a  circle  touching  the  tide  BO  of  the 

triangle  ABO,  and  the  other  two  lidee  pro- 
duced, and  prove  that  the  dintance  t)etween 
the  points  of  contact  of  the  side  BO  with  ^he 
inscribed  circle,  and  the  Utter  circle.  Is  equal 
to  the  difference  between  the  sides  AB  and 
AO. 

1862.  L  4.  Upon  the  sides  AB,  BO,  and  CD  of  a  parallelo- 

gram ABOD,  three  equilateral  triangl'^s  nre 
described,  that  on  BO  towards  the  same  parts 
as  the  parallelogram,  and  those  on  AB,  CD 
towards  the  opposite  parts.  Prove  that  the 
distances  of  the  vertices  of  the  triangles  on 
AB,  CD,  from  that  on  BC,  are  respectively 
equal  to  the  two  diagonals  of  the  paraHeio- 
gram. 

n.  10.  Divide  a  given  straight  line  into  two  parts,  so 
that  the  squares  on  the  whole  line  and  on 
one  of  the  parts  may  be  together  double  of 
the  square  on  the  other  pari 

lu.  28.  A  triangle  is  turned  about  its  vertex,  untU  one 
of  the  sides  intersecting  in  that  vertex  is  in 
the  same  straight  line  as  the  other  previously 
was :  prove  that  the  line,  joining  the  vertex 
with  the  point  of  intersection  of  the  two 
positions  of  the  base,  produced  if  necessary, 
bisects  the  angle  between  these  two  positions. 

T?.  10.  Prove  that  the  smaller  of  the  two  circles,  em- 
ployed in  Euclid's  construction,  is  equal  to 
the  cirde  described  about  the  required  tri- 
angle. 

1863.  L  47.  Two  triangles  ABO,  A'BICf  have  their  sides 

respectively  parallel  BBx,  OOi  are  drawn 
perpendiciUar  to  B'C;  COa,  AA%  (o  O'A!'.  and 
AAi,  BB,  to  A'B'.  Prove  that  the  ium  of  tne 
squares  on  ABi,  BC„  OA,  together,  is  equal 
to  the  sum  of  those  on  AOi,  BAt,  0B%  together. 
n.  11.  Divide  a  given  straight  line  into  two  parts,  such 
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that  the  rectangle  contained  by  the  whole  and 
one  part  may  be  equal  to  that  contained  by 
the  other  part  and  a  given  itraight  line. 

1863.  lii.  2a  Two   equal  circles  intersect   'm.  A^  B\  PQT 

perpendicular  to  AB  meets  it  in  T,  and  the 
circles  in  P,  Q.  AP,  BQ  meet  in  R  ;  AQ> 
BP  in  8:  prove  that  the  angle  BTS  is  bi- 
sected by  TP. 

1864.  J.  38.  If  a  quadrilateral  figure  have  two  sides  parallel 

and  the  parallel  sides  be  bisected,  the  line 
joining  the  points  of  bisection  shall  pass 
through  the  point  in  which  the  diagonals  cut 
one  another. 

11.  14.  Divide  a  given  straight  line  (when  possible) 
into  three  parts  such  that  the  rectangle  con- 
tained by  two  of  them  shall  be  equal  to  a 
given  rectilineal  figure,  and  that  the  squares 
on  these  two  parts  shall  together  be  equal  to 
the  square  on  the  third. 

IIL  36.  If  from  a  given  point  A  without  a  given  circle 
any  two  straight  lines  APQ,  AR8,  be  drawn, 
making  equal  angles  with  the  diameter  which 
passes  through  A,  and  cutting  the  circle  in 
P,  Q,  and  iJ,  8,  respectively,  then  P8,  QR, 
shall  cut  one  another  in  a  given  point. 

IT.  11.  If  a  figure  of  any  odd  number  of  sides  have  all 
its  angular  points  on  the  same  circle,  and  all 
its  angles  equal,  then  shall  its  sides  be  equal 

1865.  L  20.  Give  a  geometrical  construction  for  finding  a 

point  in  a  given  straight  line,  the  difierence  of 
the  distances  of  which  from  two  given  points 
on  the  same  side  of  the  line  shall  be  the 
greatest  possible. 
n.  12.  The  base  BC  of  an  isosceles  triangle  ABC  is 
produced  to  a  point  D  ;  AD  is  joined,  and  in 
AD  a  point  E  is  taken,  such  that  the  rect- 
angle AD,  AE,  is  equal  to  the  square  on  either 
of  the  equal  sides  AB,  AC,  of  the  triangle: 
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prove  that  the  rectangle  £D,  CD  it  equal  to 
the  rectangle  AD^  HD, 
1(^«  m.  18.  A  |{iveii  straight  line  is  drawn  at  right  angles 
to  the  stniight  line  joining  the  centres  of  two 
given  circles :  prove  that  the  difference  be* 
tween  the  squares  on  two  tangents  drawn, 
one  to  each  circle,  from  any  point  on  the 
given  straight  line,  is  constant 

TV.  5.  Having  given  one  side  of  a  triaitgle,  and  the 
centre  of  the  circumscribed  circle,  determine 
the  locus  of  the  centre  of  the  inscribed  circle. 

I860.    I.  33.  Pi-ove  that  a  quadrihiteral,  which  has  two  op- 
posite sides  and  two  opposite  obtuse  angles 
equal,  is  a  parallelogram. 
Shew  that  the  figure  is  not  necessarily  a  paral' 
lelogram,  if  the  equal  angles  are  acute. 

XL  9.  Prove  this  also  by  superposition  of  the  squares 
or  their  halves. 
III.  32.  If  four  circles  be  drawn,  each  passing  through 
three  out  of  four  given  points,  the  angle  be- 
tween the  tangents  at  the  intersection  of  two 
of  the  circles  is  equal  to  the  angle  between 
the  tangents  at  the  intersection  of  the  other 
two  circles. 

IV.  8.  In  a  given  circle  inscribe  a  triangle  such  that 
two  of  the  sides  of  the  triangle  shall  pass 
through  given  points  and  the  third  side  be  at 
a  given  distance  from  the  centre  of  the  given 
circle. 
ISC'?  I.  16.  Any  two  exterior  angles  of  a  triangle  are  together 
greater  than  two  right  angles.  . 

T.  43.  What  is  the  greatest  value  which  these  comple- 
ments, fur  a  given  parallelogram,  can  have  f 

,  n.  11.  Divide  a  given  straight  line  into  two  parts  such 
that  the  squares  on  the  whole  line  and  on  one 
of  the  parts  shall  be  together  double  of  the 
•quare  o»  the  other  part, 
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1867.  III.  22.  If  the  chords,  which  bisect  two  angles  of  a 
triangle  inscribed  in  a  circle,  be  equal,  prove 
that  either  the  angles  are  equal,  or  the  thiro 
angle  is  equal  to  the  angle  of  an  equilatenJ 
triangle. 

186S.  L  41.  OKBM  and  OLDN  are  parallelograms  about 
the  diameter  of  a  parallelogram  ABCD.  In 
MN  which  is  parallel  to  BA,  take  any  point 
P  and  prove  that,  if  PC,  produced  if  neces* 
sary,  meet  KL  in  Q,  BP  will  be  parallel 
to  DQ. 
n.  12.  In  a  triangle  ABC,  D,  E,  F  are  the  middle 
points  of  the  sides  BC,  GA,  AB  respectively, 
and  K,  L,  M  are  the  feet  of  the  perpendi' 
culars  on  the  same  sides  from  the  opposite 
angles.  Prove  that  the  greatest  of  the  rect- 
r  angles  contained  by  BG  and  DK,  GA  and 

EL,  AB  and  FM,  is  equal  to  the  sum  of  th^ 
other  two. 

\n.  ?5.  Through  a  point  within  a  circle,  draw  a  chord, 
such  that,  the  rectangle  contained  by  the  whole 
chord  and  one  part  may  be  equal  to  a  giveh 
square. 
^  .  Determine  the  necessary  limits  to  the  magnlN 
tude  of  this  square. 
rv.  4.  If  two  triangles  ABG,  A'B'C  be  inscribed  in 
the  same  circle,  so  that  AA'  BB'  G(j  meet 
in  one  point  0,  prove  that,  if  0  be  the  centre 
of  the  inscribed  circle  of  one  of  the  triangles, 
it  will  be  the  centre  of  the  perpendiculars  of 
the  other.  ,         :  *,' 

186P.  1.  40.  ABG  is  a  triangle,  E  and  F  are  two  points  ;  if 
the  sum  of  the  triangles  ABE  and  BGE\i% 
equal  to  the  sum  of  the  triangles  ABF  and 
BCfP,  then  under  certain  conditions  i?#  will 
°  be  parallel  to  AG.  Find  these  conditions, 
and  determine  when  the  difference  instead  of 
'      tJ'.e  sum  of  the  triangles  must  be  taken. 
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1869.  II.  11.  Shew  that  the  point  of  section  lies  between  the 

extremities  of  the  line. 

UL  33.  An  acute-angled  triangb  is  iuncribed  in  a 
circle,  and  the  paper  is  folded  along  each  of 
the  dides  of  the  triangle :  Shew  that  the 
circumferences  of  the  three  segments  will  pass 
through  the  same  point  State  the  equivalent 
proposition  for  an  obtuse-angled  triangle. 

IV.  11.  Shew  that  the  circles,  each  of  which  touches 
two  sides  of  a  regular  pentagon  at  the  ex- 
tremities of  a  third,  meet  in  a  point 

1870.  I.  26.  ABCB  is  a  square  and  E  a  point  in  BG ;  a 

straight  line  EF  is  drawn  at  right  angles  to 
.<lJf,  and  meets  the  straight  line,  which  bisects 
the  angle  between  CD  and  BC  produced  in  a 
point  F :  prove  that  AE  is  equal  to  EF. 
CI.  0.  The  diagonals  of  a  quadrilateral  meet  in  E,  and 
F  is  the  middle  point  of  the  straight  line 
V  joining  the  middle  points  of  the  diagonals: 

prove  that  the  sum  of  the  squares  on  the 
straight  lines  joining  E  to  the  angular  points 
of  the  quadrilateral  is  greater  than  the  sum  of 
the  squares  on  the  straight  lines  joming  F  to 
^  ihe  same  points  by  four  times  the  square 

onEF. 
m.  32.  AB,  CD  are  parallel  diameters  of  two  circles, 
and  J.  (7  cuts  the  circles  in  P,Q:  prove  that 
.  the  tangents  to  the  circles  at  P,  Q  are  parallel 

IV.  10.  Hence  shew  how  to  describe  an  equilateral 
and  equiangular  pentagon  about  a  circle  with- 
out first  inscribing  one. 

1871.  I.  38.  Through    the    angular   points  A,  B,   C,  of  a 

triangle  are  drawn  three  parallel  straight  lines 
meeting  the  opposite  sides  in  A',  B',  C  re- 
spectively:  prove  that  the  triangles  AB'C, 
BCA',  CA'B'  are  all  equal 

IL  10.  Produce  a  given  straight  line  so  that  the  square 
on  the  whole   line  thus  produced   may  be 

"  double  the  square  on  the  part  produced. 
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1871.  III.  32.  The  opposite  sides  of  a  quadrilateral  inscribed 
in  a  circle  are  produced  to  meet  in  P,  Q,  and 
about  the  four  triangles  thus  formed  circles 
are  described  :  prove  thai  the  tangents  to  these 
circles  at  P  and  Q  form  a  quadrilateral  equal 
in  all  respects  to  the  original,  and  that  the 
line  joining  the  centres  of  the  circles,  about 
the  two  quadrilaterals,  bisects  PQ. 

IT.  6.  A  triangle  is  inscribed  in  a  given  circle  so  as 
to  have  its  centre  of  perpendiculars  at  a  given 
point :  prove  that  the  middle  points  of  its 
sides  lie  on  a  fixed  circle. 

Ittia.     I.  47  If  C£?,  -BD  be  the  squares  described  upon  the 
side  AG,  and  the  hypotenuse  AB,  and  if 
<     JBjB,  CD  intersect  in  F,  prove  that  AW  bi- 
sects the  angle  EFD. 
III.  22.  Two  circles  intersect  in  ^,  £ :  PAP',  Q^^  ai« 
drawn  equally  inclined  to  AB  to  meet  the 
.  '  circles  in  P,  P',  Q,  Q' :  prove  that  PP' is 

■:-'"'  equal  to  QQ\ 

iv.  4.  Having  given  an  angular  point  of  a  triangle,  the 
circumscribed  circit?,  and  tho  centre  of  the  iu« 
scribed  oinJe,  construci  the  tjiangle. 
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IS 


\ 


Sixty  oopiet  ordered.  Mount  Fobest  Advocate. 

After  car«f*U  inspection  we  nnhesitatingly  pronounce  it  the  best  spell- 
ing-book ever  in  use  in  our  public  schools.  The  Practical  Speller  secures 
an  easy  access  to  its  contents  by  the  very  systematic  arrangements  of  the 
words  in  topical  classes  ;  a  pemument  impression  on  the  memory  by  the 
fhiquent  review  of  difficult  words  ;  and  a  saving  of  time  and  effort  by  tha 
selection  of  only  such  words  as  are  difficult  and  of  common  occurrence. 
Mr.  Held,  H.  S.  Master,  heartily  recommends  the  work,  and  ordered  some 
•izty  copies.  It  is  a  book  that  should  be  on  every  buBiness-man's  taUe,  as 
well  as  in  the  school-room. 

Is  a  neoessity*  PsBsa  Wtnrass,  HAurAx. 

We  have  already  had  repeated  occasion  to  epeak  highly  of  the  Educa- 
tional Series  of  which  this  book  is  one.  The  "  Speller  "  is  a  necessity ;  and 
we  have  seen  no  book  which  we  can  recommend  more  heartily  than  the  one 
betonns. 

Good  print*  BoynuxnuM  Obsibvir. 

The  "  Practical  Speller*  Is  a  ersdlt  to  the  pablishers  in  its  general  get- 
np,  dassifloation  of  sul^Mts,  and  clearness  of  treatment  The  child  who 
nses  this  book  will  not  have  damaged  eyesight  through  bad  print. 

What  it  ia.  BnuTDBOT  Age. 

It  Is  a  series  of  graded  lessons,  containing  the  words  in  general  use, 
with  abbreviations,  eta  ;  words  of  similar  pronunciation  and  different 
spelling ;  a  oollnction  of  the  most  difficult  words  in  the  language,  and  « 
number  of  literary  selections  which  m^  be  used  for  dictation  u^sons,  and 
^Mimmtttaii  fp  memozy  by  the  pupils. 


■very  teaoher  ahotdd  Introduce  it. 

It  is  an  improvement  on  the  old  spelling-book. 
kit«)daoe  it  into  his  classes. 


Canadian  Btatssmab. 
Every  teacher  sboula 


The  best  yet  aeen.  OaLCHssTKB  son.  Nova  Sootu 

It  to  mtffkf  ahead  of  any  Speller  that  we  have  heretofore  seen.    Our 
VdUk  takeols  want  a  good  spelling-boolc    The  publication  before  us  is  th^ 

lyeti 
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SE.  J.  (Sage  ^  Co'0.  |leto  (Ebucationat  SEorke. 


TEXT  BOOKS  ON  ENGLISH  GRAMMAR. 
BT  XASON  AND  MAOHILU&N. 


Revised  Ed.  Miller's  Language  Lessons. 

Adapted  as  an  introductory  Text  Book  to  Mason's  Grammar.  By  J. 
A.  Machillan,  B.  a.  It  contains  the  Examination  Papers  for  admission 
to  High  Sctiools,  and  teaches  Grammar  and  Composition  simultaneously. 
Sixth  Edition,  200th  thousand. 


Price, 


25  Cents. 


Mason's  Outlines  of  English  Grammar. 

Authorized  for  use  in  Schools     Suitable  for  Junior  Classes. 
Price,  45  Cents. 


Mason's  Shorter  English  Grammar. 

New  and  improved  edition.  With  copious  and  carefully  graded  exercises, 
243  pages. 

Price,  60  Cents. 


Mason's  Advanced  Grammar. 

Authorized  for  use  in  the  Schools  of  Ontario.  I;*^Iuding  the  principles 
of  Grammatical  Analysis.  By  C.  P.  Mason,  B.  A.,  B  C.  P.,  Fellow  of  Uni- 
versity College,  London.  Enlarged  and  thoroughly  *avised  with  Examin- 
ation Papers  add^d  by  W.  Houston,  M.  A 

Price,  75  Cents. 

"  I  asked  a  Grammar  School  Inspector  in  the  old  cpuntiy  to  send  me  the 
best  grammar  published  there.  He  immediately  sent  Mason's.  The  chap- 
ters on  the  analysis  of  difficult  sentences  is  of  itself  sufficient  to  place  the 
work  far  beyond  any  EnglishGrammar  before  the  Canadian  pubiit,;"— Alex. 
Sims,  M.  A.,  H.  M.  H.  S.,  Oakville. 


English  Grammar  Exercises. 

By  C.  P.  Mason.    Banvlnted  from  Common  School  So^ioB. 
Prtoa.  aoCtjnio. 


iaj 


M.  Jf.  (&tiQt  ^  €o'0  ^etD  Cburatiouitl  SEorke. 

Authorized  for  uae  In  the  SohoolB  of  Ontario. 
The  Epoch  Primer  of  EngHsh  History. 

By  Rsv  U.  CuKioiiTON,  M.  A.,  Lato  Follow  and  Tutor  o(  Morton  College, 

Uxfoni 

Sixth  Edition,  -  Price,  30  Cents. 

Most  thorough.  Abrrorrn  Joi-rnal. 

This  volume,  taken  with  tho  olifht  Hiimll  vdhtinoH  containin);ir  the  ao- 
cwunta  of  the  diiTcrciit  epochs,  pruMuiitM  wimt  may  \m  ri'^ardcd  as  the  most 
thorough  couriie  of  elementary  Knullxh  IliHtury  ever  |tiititl()hvd. 

What  was  needed.  Tcironto  Tailt  Glcbb. 

It  is  just  such  a  manual  as  is  iicddud  by  |Hililla  itchool  pupils  who  are 
foingf  up  for  a  High  Sc  kx)1  courHc, 

Used  in  separate  schools.  M.  StAproRD,  Priest. 

We  are  using  this  History  in  our  Corivvnt  and  Hti|)nrate  Hchoolsin  Liud> 
iay. 


Very  concise.  Hamimon  Times. 

A  very  concise  little  1)oo1{  that  HhoulU  bo  iiNed  In  tho  Schools.  In  it* 
pages  will  be  found  inuiduntd  of  EnglUh  Ullttory  from  A.  D.  43  to  1»7U,  in* 
tercsting  alike  to  youn^f  and  old. 

A  favorite.  Losdos  Advrrtihkr. 

The  book  will  prove  a  favorite  with  toachur*  priporing  pupils  for  tho 
entrance  exumina'ions  to  tlie  High  Hclioola, 

Very  attractive.  Hhitinii  Wiiio,  Kingston. 

This  little  book,  of  one  hundred  and  forty  imguH,  presents  history  in  a 
yery  attractive  shape. 

Wisely  arranged.  Canada  Prehbvtbrian. 

Th  epoch  chosen  for  tho  division  of  KngllHh  lllittory  are  well  marked 
—not  mere  artificial  milestones,  arbitrarily  urueted  by  tlio  author,  but  rea| 
natural  landmarks,  consisting  of  great  and  ini]K>rtaiit  u\etit8  or  remarkable 
flfianges. 

Interesting.  YAnMorrii  Tiiihink,  Nova  Scotia. 

Witn  a  perfect  freedom  from  nil  looNenuNHcif  Htylo  tho  liiteieHt  is  so  well 
sfustaiiicd  throu^hoirt  the  narrative  tlint  M10M6  who  coinincnce  to  read  it 
will  find  it  difticult  to  leave  off  with  Its  peinmal  incomplete. 


Comprehensive.  T,itrrary  WoRto 

The  si<ecial  value  of  this  historical  outiliio  In  that  It  K'^L'sthc  reader  » 
compruliensivo  view  of  the  course  of  nieinoi'Rble  events  antl  wpochs, 


IK.  J.  9iioe  ^  €o'§.  iuioi  ^bttcstionul  WRotka. 


The  Canada  School  Journal 


HAS  RBCBIVKO  4N  iiUNOHAHI/R   MNf^tiON  AT  PARIS  UHIBITIOlf,  1878. 

Adopted  Uy  nearly  ovsrv  Ooyiity  iit  U«iiiula. 

Rocommondod  by  the  MifilNt^fftf  KflHcation,  Ontario. 

Reoc  nnieiided  hy  t\\slU)mmn  nl  hjlilio  Instnictlon,  Quebec. 

Recommended  hy  Chtnf  Hll)>l  '<f  Bdildtttloti,  New  Brunswick. 

Reoommended  I,,,  Chief  NH|«,  of  l^dttdtttlon,  Nova  Scotia. 

Recommeudod  »»y  Oliipf  HhuI,  of  KdHCtttlon,  British  Columbia. 

Reoonimended  by  Chief  ««|»t,  of  K«lufl*tlon,  Manitoba. 

IT  In  nmntf  by 

A  Committee  of  B0fR9  0f  (h«  f^MJlriK  t^ucatloniats  in  Ontario,  assisted 
by  able  Provincial  KdltON  Ui  ilM  t'rovlHoes  of  Queliec,  Nova  Scotia,  New 
Brunswiclt,  Prince  mwa,fi  fniAHft,  M«ttik?ba,  and  British  Columbia,  thus 
having  each  section  of  ths  PeHiJHi§M  fully  represented. 

CONTAINS  TWHNTy  nUfft    fAtii^  Of  RBADIMO    MATTIR. 

Live  Editorials ;  Oontriimttofii  m  UnpOtUktii  Educational  topics ;  Selec- 
tions—Readings for  ths  SehOdl  Vmm  ;  »tt6  Notes  and  News  from  each  Pro- 
vince. 

Practical  Dbpartniint  will  Alwftyg  e§fitttln  useful  hints  on  methods  of 
teaching  difTerent  subjeols, 

Matiibmaticai.  DRPAftTNINf  flveg  i§lutidMS  to  difficult  problems  also  on 
Examination  Papers, 

Okficial  Dbpartmrnt  eentftini  meh  KgUtotlons  as  may  be  issued  from 
time  to  time. 

Subscription,  $IM  per  influm,  strlotly  in  advance. 

,     Read  thr  FoiiLOWiNa  LWfFIA  fmu  i§m  Orrbnlrap  Whiitirr,  thr  Fa- 
mous Ambrican  Poet, 

I  have  also  received  »  N9.  of  the  "  dftflAdA  llohool  Journal,"  which  seems 

to  me  the  brightest  »n(}  most  readable  §t  Eduoationa  Magazines  I  am  very 

truly  thy  friend,  John  Oreenleaf  Whittier. 

A  Club  Of  1,000  SufeierJteers  teom  Nova  Scotia. 
(Copy)  EpyCATfOPf  ©rriei,  JiAlilMx,  N.  S.,  Nov.  17,  1878. 

Messrs.  Adah  Hillrr  |e  Co,,  TofOHiO,  Oilt. 

Dear  Sirs,— In  order  to  mmi  ttie  wiihes  Of  mt  tetM:hers  in  various  parts 
of  the  Province,  and  to  samr»  for  th#m  (he  advantage  of  your  excellent 
periodical,  1  hereby  subsoribe  In  Iheir  behalf  for  one  thousand  (1,000)  copies 
at  club  rates  mentioned  in  yoiir  fMmi  #st#e»tietl  favor.  Subscriptions  wil| 
begin  with  J;kuuary  issne,  and  lists  will  iie  forwarded  to  your  oflBce  in  a  few 
days.  Vourstnily, 

David  Ai^imfi,  Chief  Supt.  of  Education. 
Address.  W.  J.  OACIS  §6  CO.,  T©r©iito,  Canada 
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.  J.  <i5nge  ^  €00.  |TetD  (Sbticntional  8Botk0. 


BOOKS  FOR  TEACHERS  AND  STUDENTS,  BY  DR.  McLELLAN. 

i 

Examination   Papers  in   Arithmetic- 

By  J.  A.  McLrtxan,  M.  A.,  LL.  D.,  IiiRpcotor  of  High  Schools,  Ont.,  and 
T11UMA8  KiRKLANu,  M.  A.,  Hcionco  Manter,  Normal  School,  Toronto. 

"In  our  opinion  the  lust  r'nilcction  of  Problems  on  the  Amerioaa  Con- 
tinent."—Natjonao  TbAciiKiiH'  Monthly,  N.  Y. 

Seventh  Complete  Edition,            -            -         Price.  $1.00. 
Examination  Papers  in  Arithmetic Part  I. 

By  J.  A.  McLELiiAN,  M.  A.,  LL.  D.,  and  Thob.  Kirkland,  M.  A 
Price,  -----  50  Cents. 

This  Edition  has  been  iasncd  at  the  request  of  a  large  number  of  Public 
School  tja'-hors  who  wish  to  have  a  Cheap  Edition  for  the  use  of  their 
pupils  preparing  for  admission  to  High  School. 

Hints  and  Answers  to  Examination  Papers 
in  Arithmetic.  i 

By  J.  A.  McLellan,  M.  A.,  LL.  D.,  and  Thos.  Kirkland,  M.  A. 
Foiirth  Edition,  -----  $1.00. 

McLellan's    Mental    Arithmetic— Part     I. 

Containing  the  Fundamenta'  Rules,  Fractions  and  Analysis. 

By  J.  A.  McLellan,  M.  A.,  LL.  L  ,  Inspector  in^li  Schools,  Ontario. 

Third  Edition,  -  -  -  .  SO  Cents. 

Authorized  for  use  in  the  Schools  of  Nova  Scotia. 


II. 


McLellan's    Mental    Arithmetic. ---Part 

Sitccially  adapted  for  Model  and  High  School  Students. 
Third  Edition,  -  -  -  Price,  45  Cents. 

The  Teacher's    Hand  Book  of  Algebra. 

By  J.  A.  McLellan,  M.  A.,  LL.  D. 
Second  Complete  Edition,  ...         $1.25. 

Teacher's   Hand  Book  of  Algebra.— Part  I. 


Prepared  for  the  use  of  Intermediate  Students. 


Price, 


75  Car's. 


I 


Key  to    Teacher's  Hand  Book  of  Algebra.  * 
Second  Edition,  -  -  -  Price,  $1.60.  ■ 


'mmmmmm 


J.  dage  ^  (Eo's  £im  Sliiicattonal  SEorke. 


NEW  BOOKS  BY  DR.  HcLELLAN. 


The  Teacher's  Handbook  of  Algebra. 

Revised  and  enlarged.    By  J,  A.  McLbllan,  M.  A.,  LL.  D.,  Invpector  of 
High  Schools,  Ontario. 

Price,  $1.25 

Teacher's  Hand   Book  of  Algebra — Part  i. 

Containing  portions  ot  the  a  ove  suitable  for  Inter- 

75  Cents. 
Prlce,$1.50. 


Abridged  Edition, 
mediate  Studenta. 

Price, 


Key  to  Teacner's  Hand  Book. 

It  contains  over  2,500  Exercises,  including  aliout  three  hundred  and  fifty 
solved  examples,  illustrating  every  type  of  question  set  in  elementary  Alge- 
bra. 

It  contains  complete  cxplatiation  of  Homer's  Multiplication  and  Division, 
with  application  not  given  in  the  Text-Books. 

It  contains  a  full  explanation  of  the  principles  of  synnuetry.  with  numer- 
ous illustrative  examples. 

It  contains  a  more  complete  llli'itmilon  of  the  theory  of  divisors,  with  its 
oeantifui  nDplications,  than  Is  to  be  found  in  any  text-book. 

It  containH  what  aiile  matlicu  atlcal  teachers  have  pronounced  to  be  the 
"finest  chapter  on  factoring  tl  at  hj.H  ever  appeared. 

It  contains  the  latest  and  best  methods  of  treatment  as  given  by  the  great 
Masters  of  Analysis. 

It  contains  the  finest  selections  of  properly  classified  equations,  with 
methods  of  resolution  and  reduction,  that  has  yet  appeared. 

It  contains  a  set  of  practice  papers  made  up  by  selecting  the  best  of  the 
questions  set  by  the  University  of  Toronto  during  twenty  years. 

It  is  a  key  of  the  methods,  a  repertory  of  exercises,  whicli  oannot  fall  to 
nlal^e  the  teacher  a  better  teacher,  and  the  student  a  more  xiurough  alge- 
braist.   

Road  the  following  lotices  from  the  leading  authorities  In  Great  Britain 
and  United  States: 

"  This  Is  the  work  of  a  Canadian  Teacher  and  Inspector,  whose  name  is 
honorably  known  beyond  the  bounds  of  his  native  province,  for  his  exer- 
tions ir  developing  and  promotinff  that  .admirable  system  of  public  instruc- 
tion, which  has  placed  he  Dominion  of  Canada  so  high,  as  regards  educa- 
tion, not  only  among  the  British  Colonies,  but  among  the  civilized  nations 
of  the  world.  We  know  of  no  work  in  this  country  that  exactly  occupies 
the  place  of  Dr.  McLellan's,  which  is  not  merely  a  text  book  of  Algebra,  in 
the  ordinary  sense,  but  a  Manual  of  Mcthnds  for  Teachers,  illustrating  the 
best  and  most  recent  treatment  of  algebraical  problems  and  solutions  trf 
every  kind." 

From  Barnks'  Edicational  Monthlt,  N.  T. 
)     "The  best  American  Alcrebra  for  Teachers  that  we  have  ever  examined 


(Btt.  J.  <S«ge  ^  €o'sf.  £itta  (tlncniionnl  flRorkf. 


OAors  NEW  umyBRsmr  text-boom. 


New  BeriM  of  OlaMloftl  Text-booki  with  Mnpl*  NotM  umMiflnt  Hm  !*«• 
Ml  Mid  m  Mt  advanced  results  of  scholarship ;  also  a  BlographMftl  •k«(«b  of 
each  Author,  showinir  his  poHition  in  relation  to  Cloasiaal  Mtf mtUM,  and  • 
Vooabulw^  tfiving  the  newest  teachings  ol  oomparativw  I'hiiolOtf/  abd  Ao> 
tiquarian  research. 


This  Seriea  will  b«  the  woric  of  Canadian  Soholait  irtio  Imv«  had  ptfWfMt 
•xperienoe  as  Head  Masturs  of  Hiffh  Schools  In  Canada;  and  no  •nOMVOttn 
will  be  spared  by  the  promoters  of  this  Seriat  to  render  II  •  MWdll  M  oar 
country. 


Cicero,  Cato-Major. 

With  Tntroiluction.    Ry  Maurio 
in  University  College,  Toronto. 


With  Tntroiluction.    Ry  Maurice  HaUon,  Bn,,  II.A.,  ProtoMOT  Of  OBomIm 


Cicero,  Pro  Archia. 

By  0. 0.  MaoUenry.  M.A..  Prindpal,  CoUegiato  luNtalo,  OoboWf. 

LEADING  FEATURES: 

I.  iNTitooucTOKT.— 1.  A  General  Sketch  of  the  Life  of  Oiooio.     f .  CkrOflO* 
logical  liesume'  of  Important  evente.    S.  Periods  and  Atllbon Ol  Mo* 

nmii  Literature. 

H.  NoTKs.— Clear  and  copious,  critical  and  esptenatorjr  t  wfMi  nttOMfOttf 
references  to  Uarkness'  Latin  Qrunmar. 

lil.  Rbtraxbl&tion.— Short  bnitatlTe  Exerdsee,  eonsiiUnf  flMinlf  of  m> 
lections  from  the  oration. 

IV.  SmoKTHM.— The  most  important  lo  toe  ovaCioo, 

V.  VocABULART.— Iiiohidliig  derivations  and  prinoipol 


Caesar,  Bellum  Britannicum. 

With  Life,  Notes  and  Vooabularj^  edited  by  the  Rot.  Ohorlw  PellMUB 
Mulvany  ,  M.A.,  Scholar  and  First  Honor  Man  In  Oliwioi,  Triu^jr  OolkiO, 
DubUn. 


Homer's  Iliad. 

By  Samuel  Woods,  M.A.,  Olasafaml 


,  Stratford  fflWi 


Csesar,  Bellum  Britannicum. 

With  Sketch  of  Life,  fall  Notes,  copious  referanfloe  to 
Grammar,  and  earelully  prepared  Vooabulaiy.    By 
GlasBlod  Master,  Stratford  High  SohooL 


UMfi 

Wooda  M  A„ 


M.  J.  (Suge  ^  €o'0.  ileto  C^bucntioniii  QRotltf. 

WORKS  FOR  TEACHERS  AND  STUDENTS,  BT  J  AS.  L.  HUQHBI. 

£xamination   Primer   in  Canadian  History. 

On  the  Topioftl  Method.    By  Jab.  L.  HDOiiu,  Inamotor  of  Sohoolf,To. 
ronta  A  Primer  for  Students  prep«ring  for  Bx»mln*Hon.       Prloe,  SOo 

Mistakes  in  Teaching. 

By  Jab.  LAventm  Hughis.    Seoond  adlMoii.  PrlOA,  000. 

ADOniD  BT  MATI   VMIVUUITT  OP  IOWA,  Al  AM  IblllMTABT  WOU   fOt   DM 

or  TBAOHIU. 


This  work  diaonnes  in  a  terse  manner  over  on*  hundred  of  the  mistake* 
oommonly  made  by  untrained  or  inexperienced  Teachers.  It  is  designed  to 
warn  young  Teachers  of  the  errors  they  are  liable  to  make,  and  to  help  thu 
older  members  of  the  profession  to  discard  whatever  methods  or  habits  nia.v 
be  preventing  their  higher  success. 

The  mistakes  are  arranged  under  the  t  jllowtng  head!  t 

1.  Mistakes  in  Management.  S.  Mlstnhes  in  Dlsolpllm,  9,  Mlitakss  In 
Method*.    4.  Mistakes  in  Manner. 


How  to  Secure  and  Retain  Attention. 

By  Jab.  Laushlqi  HnoBBB.        Frloe,  96  OMite. 

Comprising  Kinds  of  Attentloa.  OharaoterlBtloB  of  Positive  Attention 
GharBOMristios  of  The  Teaoher.  How  to  Control  a  Class.  Developing  Men 
tal  Aottvlty.    Cultivation  of  the  Senses. 

tWnm  Thb  School  and  Univbrhitt  MAOAZfifR,  T<ONDOif,  Evf.) 
"ReiMete  with  valuable  hints  and  practical  luggestlons  which  Ml  Bvldout- 
ly  the  rsiult  of  wide  •xp^t'^oooe  In  the  scholastic  profSBaion.'' 


Manual  of  Drill  and  Calisthenici  for  use  in 
Schools. 

By  J.  L.  HuaiiBs.Public  School  Inspeotofi  Toronto,  Oraduat*  of  Military 
School,  H.  M.  29th  Regiment.  Prloa,  40  OcntS. 

The  work  oontains :  The  Squad  Drill  preMsrlbed  for  Public  Schools  In  On- 
tario, with  full  and  explicit  directions  for  teaching  it.  Free  Gymnastle  Ex- 
eroises,  carefully  selected  from  the  best  German  and  American  qrattms, 
and  arrang-ed  in  proper  classes.  German  Calisthenio  Exercises,  BB  taught 
by  the  late  Colonel  Goodwin  in  Toronto  Normal  School,  and  in  England. 
Several  of  the  best  Kindergarten  Games,  and  a  few  oholoe  Exercise  Songs. 
The  instructions  thrsughoat  the  book  are  divested,  as  far  bb  poMlbto,  of 
unnecessary  technicalities. 

**  A  most  valuable  book  for  every  teacher,  partlmilarly  In  country  placer 
It  ambraoes  all  that  a  school  teacher  should  teach  his  inipils  on  this  subject. 
Any  teaoher  can  use  the  easy  drill  lessons,  and  by  doing  so  he  will  be  oon- 
ferrlng  a  benaflt  on  his  country."— G.  RADObinrB  Dbahnalt,  Major  FlrBt 
UlB  Quaid^  Drill  Instructor  Normal  and  Model  SohoolB,  Toronto. 
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